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Abstract. We construct the finite dimensional simple integral modules for the (degenerate) 
affine Hecke-Clifford algebra (AHCA), W^^(d). Our construction includes an analogue of Zelevin- 
sky's segment representations, a complete combinatorial description of the simple calibrated 
(d)-modules, and a classification of the simple integral 7-{^^(d)-modules. Our main tool 
is an analogue of the Arakawa-Suzuki functor for the Lie superalgebra q(n). 



1. Introduction 

1.1. Throughout this paper, we will work over the ground field C. As is well known, the symmetric 
group, Sd, has a no n- trivial central extension: 

1 ^ Z/2Z ^ Sd ^ Sd ^ 1 . 

The double cover Sd is generated by elements C,si, . . . , Sd~i, where C, is central, — Ij and the 
Si satisfy the relations SiSi^iSi — Ji+iSiSi+i and SjSi = C^i^j for admissible i and j satisfying 
|« — j'l > 1. The projective or spin representations of Sd are the linear representations of Sd which 
factor through CSd/{C + !)• This paper is a study of some structures arising from the projective 
representation theory of symmetric groups. 

The double cover Sd suffers a defect: it is difficult to define parabolic induction, see [121 Section 
4] . Since the inductive approach to the study of linear representations of the symmetric group is so 
effective, it is preferable to study the Sergeev algebra S{d) introduced in [Ml [29], which provides a 
natural fix to this problem. As a vector space, S{d) — C£{d)^CSd, where C£{d) is the 2'^-dimensional 
Clifford algebra with generators ci,. ..,Cd subject to the relations c| = — 1 and c^Cj — —cjCi for 
i ^ j, and 'CSd is the group algebra of Sd- Let = (i, i + 1) G 5^ be the ith basic transposition, 
and identify Cl{d) and 'CSd with the subspaces Cl{d) ® 1 and 1 ® CSd respectively. Multiplication is 
defined so that C£(d) and CSd are subalgebras, and wci = c^(^i)W for all 1 < i < d and w G Sd- The 
Sergeev algebra admits a natural definition of parabolic induction and the projective representation 
theory of the symmetric group can be recovered from that of S{d), Theorem 3.4]. 

Additionally, the Sergeev algebra is a superalgebra, and plays the role of the symmetric group 
for a super version of Schur-Weyl duality known as Sergeev duality in honor of A. N. Sergeev who 
extended the classical theorem of Schur and Weyl [Hj. If = (^n\n ^^^^ standard representation of 
the Lie superalgebra (\{n), then both S{d) and q{n) act on the tensor product V'^'^ and each algebra 
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is the commutant algebra of the other. In particular, there exists an isomorphism of superalgebras 

5(d)^End,(„)(F«'^). 

The algebra S{d) admits an affinization, Tigf (d), called the (degenerate) afRne Hecke- Clifford 
algebra (AHCA). The afRne Hecke- Clifford algebra was introduced by Nazarov in [W and studied 
in [291 [61 El US]- As a vector space, Hgf (d) = Vdlx] (g) 5(d), where VdM = C[a:i, ...,Xd]. We 
identify Vd[x] and S{d) with the subspaces Vdix] <8i 1 and 1 (X) S{d). Multiplication is defined so that 
these are subalgebras, CiXj — XjCi if j ^ i, CiXi — —XiCi, SiXj — XjSi if j ^ «, i + 1, and 

^iXi — XiJy-xS'i 1 -j- CiCi-\.\. 

In addition to S{d) being a subalgebra of Ti^f (d), there also exists a natural surjection Ti^f ('^) ^ 
S{d) obtained by mapping xi i— *■ 0, q i— > Ci and Si ^ Si. Therefore, the representation theory of 
the AHCA contains that of the Sergeev algebra. 

Surprisingly little is explicitly known about the representation theory of Hgf (d), in contrast with 
its linear counterpart, the (degenerate) affine Hecke algebra H'^^{d). The most significant contri- 
bution to the projective theory is from 0l2l], which describe the Grothendieck group of the full 
subcategory of integral Ti^f ((i)-modules in terms of the crystal graph associated to a maximal nilpo- 

(2) 

tent subalgebra of boo (or, more generally, A^^ if working over a field of odd prime characteristic 
2£ — 1). We will return to this important topic later on. 

The algebra Tl^^{d) has been studied for many years. Of particular interest are those modules 
for Tl'^^{d) which admit a generalized weight space decomposition with respect to the polynomial 
generators. It is known that among these modules it is enough to consider those for which the 
generalized eigenvalues of the polynomial generators are integers, cf. [24j §7.1]. These are known 
as integral modules. As discovered in |29j , the appropriate analogue of integral modules for Ti^f ('^) 
are those which admit a generalized weight space decomposition with respect to the xf, and the 
generalized eigenvalues of the a;| are of the form q{a) := a{a -I- 1), a € Z. 

The finite dimensional, irreducible, integral modules for H^^{d) were classified by Zelevinsky in 
[51] via combinatorial objects known as multisegments. A segment is an interval [a, b] € Z. To 
each segment [a, b] with d = b — a + 1, Zelevinsky associates a 1-dimensional TC^^ {d)-moduie C^a^t] 
defined from the trivial representation of CSd by letting xi act by the scalar a. A multisegment 
may be regarded as a pair of compositions (/3, a) — ((&i, . . . , bn), (ai, . . . , a„)) G Z" x Z" , with 
di — bi — ai > 0. li d = di + ■ ■ ■ + dm Zelevinsky associates to the multisegment (/3, a) a standard 
cyclic ((i)-module 

M{p, a) = ind;^:;:;;;;)^...^^.„(,^^ C[„„,,_i] ^ . . . ^ C[„„,,„_i]. 

To explain the classification, let P = Z" be the weight lattice associated to g[„(C), P+ the dominant 
weights, and p — {n — 1, ... ,1,0). Additionally, define the weights 

P>o{d) = e Z"o \ fii + ■ ■ ■ + = d} and -P^[A] = {p, £ P \ fJ-i > whenever Ai = A^}. 

Given A G F+, let 

Bd[\] = {/i e P+[A] I A - /i e P>o{d)}, (1.1. 1) 
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and 

Ad = {(A, /i) I A e P+, and /i e Bd[\ + p\}. 

Then, the set {/C(/3, a) | a) G is a complete hst of irreducible integral 7i^^((i)-niodules. 

In the case of Ti^f (d), the situation is more subtle. To describe this, fix a segment [a,b]. The 
obvious analogue of the trivial representation of 'CSd is the 2''-dimensional basic spin representation 
Ctd = Ce{d).l of 5(d). If a = 0, the action of Hgf (d) factors through S{d) and it can be checked that 
C£d is the desired segment representation. If a 7^ 0, it is not immediately obvious how to proceed. 
Inspiration comes from a rank 1 application of the functor described below. We define a module 
structure on the double of Cid- ^[a,b] = ^a® C£d, where $a is a 2-dimensional Clifford algebra. 
The module $[a.6] is not irreducible, but decomposes as a direct sum of irreducibles ^ © ^j, 
where and are isomorphic via an odd isomorphism. Let $[0,6] denote one of these simple 
summands. Now, given a multisegment (A, /i), with A^ — /i^ = di and d = di + ■ ■ ■ + d^, we define 
the standard cyclic module 

M{X, = Ind;^|[2)^...^„g„(,_^) $ ® • • • ® $[,„,A„.i], 

where ® is an analogue of the outer tensor product adapted for super algebras, see section [5] below. 
A weight A G P is called typical if A^ + Aj 7^ for all i j. Let 

P++ = {A e P+ I Ai > • • • > A„, and A^ + Xj ^ for aU i ^ j} 

be the set of dominant typical weights. We prove 

Theorem. Assume that A G and fj, G /B(;[A]. Then, M{X, fi) has a unique simple quotient, 

denoted C{X, p). 

In the special case where the multisegment (A, /i) corresponds to skew shapes (i.e. A, /i G P^), 
the associated W*((i)-modules are called calibrated. The calibrated representations may also be 
characterized as those modules on which the polynomial generators act semisimply, and were orig- 
inally classified by Cherednik in [5]. In [3S], Ram gives a complete combinatorial description of 
the calibrated representations of Ti^^{d) in terms of skew shape tableaux and provides a complete 
classification (see also [2S] for another combinatorial model). 

The projective analogue of the skew shapes are the shifted skew shapes which have appeared 
already in [421 143j and correspond to when A and /i are strict partitions. As in the linear case, 
these are the modules for which the Xi act semisimply. In the spirit of |35j , we prove that 

Theorem. For each shifted skew shape X/ fi, where A and fj, are strict partitions such that A contains 
/I, there is an irreducible Ti^^(d) -module Every irreducible, calibrated TL^^ (d) -module is 

isomorphic to exactly one such i/^/^. 

The H-^/'^ are constructed directly using the combinatorics of shifted skew shapes. Furthermore, 
we show that iJ-^/^ = C{X, ^). We would also like to point out that Wan, [48], has recently obtained 
a classification of the calibrated representations for Ti^f ('^) over any arbitrary algebraically closed 
field of characteristic not equal to 2. 

The appearance of the weight lattice for 0l„(C) in the representation theory of Ti^^ld) is explained 
by a work of Arakawa and Suzuki who introduced in [T| a functor from the BGG category ©(gl^) to 
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the category of finite dimensional representations of H^^ (d) . The authors proved that the functor 
maps Verma modules to the standard modules or zero. Using the Kazdhan-Lusztig conjecture 
together with the results of [14 , they proved that simple objects in 0{gl,^) are mapped by the 
functor to simple modules or zero. In [44j . Suzuki avoided the Kazdhan-Lusztig conjecture, and 
proved that the functor maps simples to simples using Zelevinsky's classification together with the 
existence of a nonzero Ti'^^ (d)-contravariant form on certain standard modules, see |36| . In [45] . 
Suzuki was able to avoid the results of Zelevinsky and independently reproduce the classification 
via a careful analysis of the standard modules. For a complete explanation of the functor in type 
A, we refer the reader to [31 ]. 

The functor and related constructions have had numerous applications in various areas of repre- 
sentation theory. This includes the study of afhne Braid groups and Hecke algebras [31], Yangians 
[23], the centers of parabolic category O for 0[„ [4 , finite W-algebras ^8j, and the proof of Broue's 
abelian defect conjecture for symmetric groups by Chuang and Rouquier via 5(2 categorification 

We define an analogous functor from the category 0{q{n)) to the category of finite dimensional 
modules for H^^{d). The contruction of this functor relies on the following key result: 

Theorem. Let M be a q{n)-supermodule. Then, there exists a homomorphism 

Hgf(d)->End,(„)(M®T/«'^). 

To define the functor, let q(n) = n+ ® f) ® n~ be the triangular decomposition of q(ri). For each 
X £ P, the functor 

Fx : 0{q{n)) -> Hgf (d)-mod 

is defined by 

FxM = {me M \ n+.m = and hv = \{h)v for all h G f)}. 

The functor F\ is exact when A G 

The dimension of the highest weight space of a Verma module in 0{q{n)) is generally greater 
than one. A consequence of this is that the functor maps a Verma module to a direct sum of 
the same standard module. A simple object in 0{q(n)) is mapped to a direct sum of the same 
simple module or else zero. Determining when a simple object is mapped to something non-zero 
is a more difficult question than in the non-super case and we have only partial results in this 
direction. The main difficulty is a lack of information about the category 0{q{n)). The category of 
finite dimensional representations of q(n) has been studied by Penkov and Serganova [32 ] [33 l [34]: 
they give a character formula for all finite dimension simple q(n)-modules. Using other methods, 
Brundan [3] has also studied this category, and has even obtained some (conjectural) information 
about the whole category 0{q{n)) via the theory of crystals. The most useful information, however, 
comes from Gorelik 15 , who defines the Shapovalov form for Verma modules and calculates the 
linear factorization of its determinant. 

In various works by Ariki, Grojnowski, Vazirani, and Kleshchev |2l \17\ H?] [21] it was shown 
that there is an action of U{gl^) on the direct sum of Grothendieck groups of the categories of 
integral 7i'*^((i)-modules, for all d. This gives another type of classification of the simple integral 
modules as nodes on the crystal graph associated to a maximal nilpotent subalgebra of S^^- In 
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[5] , Brundan and Kleshchev show there is a classification of the simple integral modules for Tigf [d) 
parameterized by the nodes of the crystal graph associated to a maximal nilpotent subalgebra of 
boo, see also [24] . 

In [27] ■ Leclerc studied dual canonical bases of the quantum group hiqio) for various finite dimen- 
sional simple Lie algebras g via embeddings of the quantized enveloping algebra i^^(n) of a maximal 
nilpotent subalgebra n C g in the quantum shuffle algebra. To describe the quantum shuffle algebra 
associated to g of rank r, let T be the free associative algebra on the letters [0], . . . , [r — 1], and let 
[ii, 12, ... , ifc] '■— [ii] ■ [12] ■ • • [ifc]. Then, the quantum shuffle algebra is the algebra [T , *), where 



where the sum is over all minimal length coset representatives in Sk+i/{Sk x Si), and e{a) is 
some explicit function of a. There exists an injective homomorphism ^ : Uq(n) ^ satisfying 
^{xy) = * *(?/) for all x,y e Uq{n). Let W '^{Uq{n)). 

The ordering [0] < [1] < • • • < [r — 1] yields two total ordering on words in JF: One the standard 
lexicographic ordering reading from left to right, and the other the costandard lexicographic ordering 
reading from right to left. These orderings give rise to special words in called Lyndon words, 
and every word has a canonical factorization as a non- increasing product of Lyndon words. In |27| . 
Leclerc uses the standard ordering, while we use the costandard ordering. It is easy to translate 
between results using one ordering as opposed to the other. However, in our situation, choosing 
the costandard ordering leads to some significant differences in the shape of Lyndon words. We will 
explain this shortly. 

Bases for W are parameterized by certain words called good words. A good word is a nonincreasing 
product of good Lyndon word which have been studied in [261 137[ I38|, I39j . The good Lyndon words 
are in 1-1 correspondence with the positive roots, A+, of g, and the (standard or costandard) 
lexicographic ordering on good Lyndon words gives rise to a convex ordering on A+. The convex 
ordering on A+ gives rise to a PBW basis for Uq{n), which in turn gives a multiplicative basis 
{E* — [E^J * • • • * )} for W labeled by good words g = h - ■ ■ h, where > • • • > ^fc are good 
Lyndon words. Additionally, the bar involution on Uq{n) gives rise to a bar involution on W, and 
hence, a dual canonical basis {b*g} labeled by good words. The transition matrix between the basis 
{E*} and {b*} is triangular and, in particular, 6^* = E^ for each good Lyndon word /. In what 
follows, let w denote the specialization at g = 1 of an element w G W. 

For g of type A^o — limA^, good Lyndon words are labelled by segments [a, b], and there is no 
difference between the standard and costandard ordering. In this case, for a good Lyndon word I, 
El = I. The Mackey theorem for T-L^^{d) (see section [3^ implies that the formal character of a 
standard module M{I3, a) is given by E*, where g is the good word [ai, . . . , /3i — 1, . . . , an, . . . , /9n — 
1]. A much deeper fact, proved by Ariki in [2], is that the character of the simple module C{j3,a) 
is given by the dual canonical basis element &*. 

Leclerc also studied the Lie algebra br of type Br, and hence that of type Boo = lim-Br- The good 
Lyndon words for with respect to the standard ordering are segments [*,..., j] , < i < j < r, and 
double segments [0, . . . , j, 0, . . . , fc], < j < /c < r (cf. [571 §8.2]). In this case, when I — [i, . . . ,i] is 
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a segment, 6;* = [i, . . . ,j] — ch ^[i.j] ■ However, when I — [0, . . . , j, 0, . . . , fc] is a double segment 

6r = 2[0]-([0,...,j] *[!,..., A:]). (1.1.2) 

When we adopt the costandard ordering, the picture becomes much more famihar. Indeed, the 
good Lyndon words are of the form [i, ■ ■ ■ , j] < i < j < r and [j, . . . , 0, 0, . . . , fc] , < j < k < 
r! In particular, they correspond to weights of the segment representations ^[i.j] and <I>j_j_2,fc] 
respectively. Moreover, for I — [j, . . . , 0, 0, . . . , fc] 

6[=2[j,...,0,0,...,fc] =ch$[_,_i,fc]. 

Leclerc conjectures j27l Conjecture 52] that for each good word g of principal degree d, there 
exists a simple H^f (d)-module with character given by 5*. We are not yet able to confirm the 
conjecture for general good words. However, the combinatorial construction of H^^^^ immediately 
implies Leclerc's conjecture for calibrated representations (cf. [27l Proposition 51] and Corollary 
I5.1.5P . Additionally, for each good Lyndon word I (with respect to the costandard ordering) , there 
is a simple module with character 

Also, an application of the functor F\ gives a representation theoretic interpretation of (|1.1.2p 
above. Indeed, let A = (fc + 1, j + 1) and a = (1, —1). Then, 

ch/:(A,-a)-2[0]-([0,...,j>[l,...,fc]). 

Finally, the analysis of good Lyndon words leads to a classification of simple integral modules 
for H^^{d). Indeed, recall the set (|l.l.ip . and let 

Bd = {(A, /i) I A e and /x e Bd{X)}. 

Then, 

Theorem. The following is a complete list of pairwise non-isomorphic simple modules for Ti^^ (d) : 

{£{X,^^) I (A,/i) eSd}. 

We believe this paper may serve as a starting point for future investigations into categorification 
theories associated to non-simply laced Dynkin diagrams. In particular, we hope that the functor 
introduced here will play a role in showing that the 2-category for boo, introduced by Khovanov- 
Lauda and independently by Rouquier, acts on 0{q{n)), see [301 [3TJ [521 EH] • Additionally, in [5U] . 
Wang and Zhao initiated a study of super analogues of I^-algebras. This functor should be useful 
for studying these M^-superalgebras along the lines of [Zl [8] . 

In [3], Brundan studied the category of finite dimensional modules for q(n) via Kazhdan-Lusztig 
theory. Among the finite dimensional q(n)-modules are the polynomial representations, which 
correspond under our functor to calibrated representations. Other modules in this category are 
those associated to rational weights, i.e. strict partitions with negative parts allowed. The functor 
should map these modules to interesting Tigf ((i)-modules. These should be investigated. It would 
also be interesting to compare the Kazhdan-Lusztig polynomials in [3] to those appearing in |27j . 

We now briefly outline the paper. In section[21 we review some basic notion of super representa- 
tion theory. In section [3] we define the degenerate AHC A and review some of its properties which 
may also be found in [24' . The standard modules and their irreducible quotients are introduced in 
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section m The classification of tlie calibrated representations are given in section [5] In section [6] we 
review some basic notions about category 0(q(n)) which may be found in [3l[15]. Next, in section[7] 
the functor is developed along with its properties. Finally, in section [8] a classification of simple 
modules is obtained. 

1.2. Acknoviflegments. The work presented in this paper was begun while the second author 
visited the Mathematical Sciences Research Institute in Berkeley, CA. He would like to thank 
the administration and staff of MSRI for their hospitality and especially the organizers of the 
"Combinatorial Representation Theory" and "Representation Theory of Finite Groups and Related 
Topics" programs for providing an exceptionally stimulating semester. 

We would like to thank Mikhail Khovanov for suggesting we consider a super analogue of the 
Arakawa-Suzuki functor. We would also like to thank Bernard Leclerc for pointing out [27], as well 
as Monica Vazirani and Weiqiang Wang for some useful comments. 

2. (Associative) Superalgebras and Their Modules 

We now review some basics of the theory of superalgebras, following [51 [6l [21]. The objects in 
this theory are Z2-graded. Throughout the exposition, we will make definitions for homogeneous 
elements in this grading. These definitions should always be extended by linearity. Also, we often 
choose to not write the prefix super. As the paper progresses this term may be dropped; however, 
we will always point out when we are explicitly ignoring the Z2-grading. 

A vector superspace is a Z2-graded C- vector space V — Vq®Vi. Given a nonzero homogeneous 
vector w e Vj, let p{v) = z e Z2 be its parity. Given a superspace let 111^ be the superspace 
obtained by reversing the parity. That is, 11 = Vi^i. A supersubspace of is a graded subspace 
U C V. That is, U — {U O Vg) ® (U DVi). Observe that [/ is a supersubspace if, and only if, U is 
stable under the map v (— l)P('')i; for homogeneous vectors v d V. 

Given two superspaces V, W, the direct sum 1^014^ and tensor product V^^Vl^ satisfy {V(BW)i = 
Vj © Wj and 

j+k=i 

We may regard Homc(T^, W) as a superspace by setting IIomc(V^, W)j to be the set of all homoge- 
neous linear maps of degree i. That is, linear maps (p : V W such that ip(Vj) C Wj^^. Finally, 
V* = Homc(y,C) is a superspace, where C — Cq. 

Now, a superalgebra is a vector superspace A that has the structure of an associative, unital 
algebra such that A^Aj C A^^^j . A superideal of A is a two sided ideal of A that is also a supersub- 
space of A. A superalgebra homomorphism ip : A B is an even (i.e. grading preserving) linear 
map which is also an algebra homomorphism. Observe that since ip is even, its kernel, ker ip, is a 
superideal of A. Finally, given superalgebras A and B, their tensor product AiS)B is a superalgebra 
with product given by 

(a «) b)ia' «) b') = (-l)f(°')PW(aa' (g) bb'). (2.0.1) 

We now turn our attention to supermodules. Given a superalgebra A, let ^-smod denote the 
category of all finite dimensional A-supermodules, and ^-mod be the category of ^-modules in the 
usual ungraded sense. An object in A-smod is a Z2-graded left yl-module M = Mq © Mj such that 
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AiMvj C Mj^Vj. A homomorphism of A-supermodules M and iV is a map of vector superspaces 
f : M N satisfying f{am) — {—iy^°'^P''^^af{m) when / is homogeneous. A submodule of an 
v4-supermodulc M will always be a supersubspace of AI. An v4-supermodule Af is called irreducible 
if it contains no proper nontrivial subsupermodules. 

The supermodule M may or may not remain irreducible when regarded as an object in ^-mod. 
If M remains irreducible as an ^-module, it is called absolutely irreducible, and if it decomposes, it 
is called self associate. Alternatively, absolutely irreducible supermodules are said to be irreducible 
of type M, while self associate supermodules are irreducible of type Q. When M € ^-smod is self 
associate, there exists an odd ^-smod homomorphism 6m which interchanges the two irreducible 
components of M as an object in ^-mod. 

Now, let A and B be superalgebras, M £ ^-smod and N e S-smod. The vector superspace 
M (g) N has the structure of an A ® S-supermodule via the action is given by 

{a(g)b){m(g)n) = (am ® 6n) (2.0.2) 

for homogeneous b £ B and m G M. This is called the outer tensor product of M and N and is 
denoted M^N. 

Unlike the classical situation, it may happen that the outer tensor product of irreducible su- 
permodules is no longer irreducible. This only happens when both modules are self associate. To 
see this, let AI e A-smod and N e i?-smod be self associate, and recall the odd homomorphisms 
9m and On- Then, Om On ■ M ^ N ^ AI ^ N , is a.n even automorphism of M ^ N that 
squares to —1. Hence A4 ^ N decomposes as direct sum of two A (g) B-supermodules, namely the 
(± V— l)-eigenspaces. These two summands are absolutely irreducible and isomorphic under the 
odd isomorphism Qm,n ■= &m ® idjv, see Lemma 2.9] and .6;, Section 2-b]. When M and TV are 
irreducible, define the (irreducible) A (g) B-module M ® TV by the formula 

{AI ® N, if either M or N is of type M: 

(2.0.3) 
(M ® TV) ® eM,NiM ® TV), if both AI and TV are of type Q. 

When AI = AI' ffi TV/", define TVf ® TV = (TkT' ® TV) ffi {AI" ® TV). 

Finally, let A — smodev be the abelian subcategory of A — smod with the same objects, but only 
even morphisms. Then, the Grothcndieck group K{A — smod) is the quotient of the Grothendieck 
group K{A — smodev) modulo the relation AI ~IIM for every A-supermodule AI. We would like to 
emphasize again that we allow odd morphisms and, therefore, AI = HAI in the original category. 

3. The Degenerate Affine Hecke-Clifford Algebra 

In this section we define the algebra which is the principle object of study in this paper and 
summarize the results we will require in what follows. Many of the results may be found in |24| . 
however, we include them here in an effort to make this paper self contained and readable to a 
wider audience. 

3.1. The Algebra. Let C£{d) denote the Clifford algebra over C with generators ci, . . . ,Cd, and 
relations 

cf = —1, CiCj — —CjCi 1 < i ^ j < d. (3.1.1) 
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Then Ci{d) is a superalgebra by declaring the generators ci, . . . , to aU be of degree 1. 

Let Sd be the symmetric group on d letters with Coxeter generators si, . . . , Sd-i and relations 

Si = 1 SiS^+lS^ = Si+iSiSi+i SiSj = SjSt (3.1.2) 

for all admissible i and j such that \i — j\ > 1. The group algebra of the symmetric group, CSd, is 
a superalgebra by viewing it as concentrated in degree 0; that is, {CSd)o = CSd- 
The Sergeev algebra is given by setting 

S{d) = C£{d) (g) CSd 

as a vector superspace and declaring C£{d) = C£{d) (g) 1 and CSd — 1 CSd to be subsuperalgebras. 
The Clifford generators ci, . . . , and Coxeter generators si, . . . , Sd-i are subject to the mixed 
relation 

^iCi — C^^iS^, S^Cj^i — CiSi, SiCj — CjSij (3.1.3) 

for all admissible i and j such that j ^ i,i + 1. 

The algebra of primary interest in this paper is the (degenerate) affine Hecke- Clifford algebra, 
AHCA. It is given as 

'Hf^{d:)=Vd[x\®S{d) 

as a vector superspace, where Vd[x\ := C[a;i, . . . ,Xd] is the polynomial ring in d variables and is 
viewed as a superalgebra concentrated in degree 0. Multiplication is defined so that S{d) = l(gS{d) 
and Pd[x] = Vdix] 1 are subsuperalgebras. The generators of these two subalgebras are subject 
to the mixed relations 

c^Xt = -XiCi, CjXi = XiCj, I < i ^ j < d, (3.1.4) 

and 

SiXi — Xi-^iSi — 1 + CiCijf^i, SiXj = XjSi (3.1.5) 

for l<i<d-l,l<j <d, j + 

Note that relation (|3.1.5p differs from the corresponding relation in [6l El] . This is because in 
p.l.ip we choose cf = —1, following [3011111131], whereas in loc. cit. the authors take cf — 1. The 
resulting algebras are isomorphic and the only effect of this convention is that this change of sign 
has to be taken into account when comparing formulae. 

It will be useful to consider another decomposition 

-Hfg{d)=A{d)<gCSd, (3.1.6) 

where A{d) is the subalgebra generated by C£{d) and T^^N- As a superspace 

A{d) ^^VdM^Ciid). (3.1.7) 

We have the following PBW-type theorem for 7igf((i). Given a = {ai, . . . ,ad) G and 
£ = (ei, . . . , £d) G ^i, set x" = ■ ■ ■ x"^" and = cf • • • c^" . Then, 

Theorem 3.1.1. [H Theorem 14.2.2] The set { x°'c^w \ a G Z^J.^, e e Z^, w e Sd} forms a basis 
fornf,{d). 
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3.2. Some (Anti)Automorphisms. The superalgebraTigf (d) admits an automorphism cr : TQ^{d) 
'H^{d) given by 

cr{s.i) = -Sd-u (t{ci) = Cd+i-i, (j{xi) = Xn+i-f (3.2.1) 
It also admits an antiautomorphism r : Ti^f (d) Tigf (d) given by 

T{Si) = Si, r(ci) = -Ci, T{xi) = x^. 

Note that, for super algebras, antiautomorphism means that, for any homogeneous x,y ^ 1-L^[d), 

T{xy) = (-l)P(^)P(^)r(j/)T(a;). (3.2.2) 

3.3. Weights and Integral Modules. We now introduce the class of integral Tigf ((i)-modules. 
It is these modules which are the main focus of the paper. To this end, for each a G C, define 

q{a)=a{a+l). (3.3.1) 

By [211 Theorem 14.3.1], the center of Ti^f (d) consists of symmetric polynomials in , . . . , a;^. Let 
Vdix^] = ^[x\, . . . , a;^] C Vd[x\- A weight is an algebra homomorphism 

C:Vd[x^]^C. 

It is often convenient to identify a weight C with the d-tuple of complex numbers C = iCi^V): • • • > CC^^d)) 

Given an 7i^^(d)-supermodule M and a weight C, define the C weight space, 

Mc^ ^ {m e M \ xfrn ^ q {( (xf)) m for alH = 1, . . . , d} , 

and the generalized ^ weight space, 

" = {to e X I {x^^ - q(C (x^))'' TO = for fc > and aU i = 1, . . . , d| . 

Observe that if M^"' ^ 0, then ^ 0. 

Following [5], say that an Tigf (d)-module M is integral if 

C 

and " 7^ imphes C (a;f ) € Z for i = 1, . . . , d. 

Let RepTigf (d) denote the full subcategory of Tigf (d)-smod of finite dimensional integral mod- 
ules for the degenerate AHCA. Unless stated otherwise, all Ti^f (d)-modules will be integral by 
assumption. 

3.4. The Mackey Theorem. In this section we review the Mackey Theorem for integral W^f" 
modules. Refer to [24] for details. 

Let /Lt = {fj,i, . . . , ^k) be a composition of d. Define the parabolic subgroup S*^ = ^^j^ x • • • x 5*^^, C 
Sd, and parabohc subalgebra H^^(/^) := Tigf (/xi) (g) • • • (g) HQ^{fik) ^ T-L^{d). Define the functor 

Ind^ : RepHgf (m) ^ RepT^gf (d), Ind^ M = UfM ®nf,i,^) M. 

This functor is left adjoint to ResJ^ : RepTi^f (d) Rcp7ig^(/i). Also, given a composition v = 
(z/i, . . . , i^i) of d, which is a refinement of /i (i.e. there exist = ii < . . . < ik+i — i such that 
Vi- + . . . + i>i.^-^^i ~ fij), define Ind^ and Res|^ in the obvious way. 



DEGENERATE AFFINE HECKE-CLIFFORD ALGEBRAS AND TYPE Q LIE SUPERALGEBRAS 



11 



Now, let ^ and v be compositions of d, and let D^ ^, denote the set of minimal length S^\Sd/ S^- 
double coset representatives and Di, — D(id) y. Let w G D^,^. The following lemma is standard. 

Lemma 3.4.1. Let v = [y\^ . . . , m„) he a composition of d, and set a,; = vi + ■ ■ ■ + Vi-i + 1 and 

bi = vi + ■ ■ ■ + Ui. If w £ Di, and ai < k < k' < bi for some i, then w{k) < w{k'). 

It is known that C\ wS,^w^^ and n 5*^ are parabolic subgroups of Sd- Hence we may 

define compositions fi D wv and w^^fj, n by the formulae 

S^nw^^S^w ^ Si_,nwi' and w^^ S^w n ^ S^-i^r)i^. 

Moreover, the map a |—^ waw^^ induces a length preserving isomorphism S^r]wi' ^ 'S'tu-i^n!^- 
Using this last fact, it can be proved that for each w G D^^ there exists an algebra isomorphism 

given by ip^-i{a) ~ w~^aw, ipw-i{ci) — c^-i(i) and (fjju-i{xi) = a;u,-i(i) for 1 < i < d and 
c & S^r\wu- If M is a left Tigf (/inu'z^)-supermodule, let ™M denote the 'Wgf (ti;^^^ni/)-supermodule 
obtained by twisting the action with the isomorphism f-uj-i. We have the following "Mackey 
Theorem" : 

Theorem 3.4.2. [H Theorem 14.2.5] Let M be an H'ff^{v)-supermodule. Then Res^ Ind;^ M 
admits a filtration with suhquotients isomorphic to 

Ind;;n_'"(Res::_,^n,M), 

one for each w € D^,^. Moreover the subquotients can be taken in any order refining the Bruhat 
order on D^ ^. In particular, Ind^^^, ResJ^^j^ Af appears as a subsupermodule. 

3.5. Characters. Following ^24^ Chapter 16], we now describe the notion of characters for integral 
Hgf(d)-supermodules. 

Recall the subsuperalgebra A{d) C H^^{d) defined in (|3.1.7p . When d = 1 and a G Z there 
exists a 2-dimensional simple ^(l)-module 

£(«) =C^(l)la =Cla®Cci.la, 

which is free as a C^(l)-module satisfying 

Xi.la = y/q{a)la. 

The Z2-grading on C{a) is given by setting p{la) = 0. 

Observe that C{a) ^ £{—a — 1) and that by replacing \/q{a) with —^Jq{a) in the action of xi 
yields an isomorphic supermodule under the odd isomorphism ci.l^. A direct calculation 

verifies that this module is of type M if a 7^ and of type Q if a = 0. 

Now, A{d) ^ (Xi • • • (Xi ^(1). Hence, applying (|2.0.3p we obtain a simple A{d)-mo(hx\e 

C{ai) ® • • • ® C{ad)- Given (ai, . . . , a^) G Z>q, let 

7o(ai, . . . ,ad) = \{i \ Oi = 0}|. (3.5.1) 

We have 
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Lemma 3.5.1. [24i Lemma 16.1.1] The set 

{C{ai) ® • • • ® C{ad) I (ai, . . . , fld) e Z|o} 

is a complete set of pairwise non- isomorphic irreducible integral A{d) -modules. 

The module C{ai) ® • • • ® C{ad) is of type M if is even and of type Q if is odd. Moreover, 

dim£(ai) ® • • • ® C{ad) = 2"-L''«/2J 

where 70 = 70 (ai, • ■ ■ , cl^) as above. 

Restriction to the subalgebra A{d) — Hq^{{1'^)) C H^^id) defines a functor from RepHgf (d) to 
A{d)-mod. The map obtained by applying this functor and passing to the Grothendieck group of 
the category A{d)-mod yields a map 

ch : RepHceid) K{Aid)-mod) 

defined by 

ch M = Res^fd M 

where [X] is the image of an ^(d)-module, X, in K{A{d)-mod). The image chAf is called the 
formal character of the 'Wgf ((i)-module M. 

The following fundamental result is given in [M", Theorem 17.3.1]. 

Lemma 3.5.2. The induced map on Grothendeick rings 

ch : K{Repnfi{d)) K{A{d)-mod) 

is infective . 

For convenience of notation, set 

[fli, ...,ad] = ['C(ai) ® • • • ® C{ad)]. 

The following lemma describes how to calculate the character of M ® TV in terms of the characters 
of M and N, and is a special case of the Mackey Theorem: 

Lemma 3.5.3. [24l Shuffle Lemma] Let K g 'H'^{k) and M £ Tl^^{m) be simple, and assume that 
chK = ^ ri[ii,...,ik] and chAf = ^ Sj[ji, . . . , j^n]- 



Then, 



where 



ch Ind:^+'^ K®M = Y. [»i ,---,ik]*[ji,..., jm] 

hi 



[ii, . . . ,ifc] * [ifc+i, . . . ,ifc+m] = ^ [w{ii),...,w{ik+„i) 
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3.6. Duality. Now, given an Ti^f ((i)-module Af, we obtain a new module M'^ by twisting tlic 
action of H^f ((i) by a. That is, define a new action, *, on M by x * m = a{x).fn for all x G Hofid). 
We have 

Lemma 3.6.1. [24, Lemma f4.6.f] If M is an ^{^{k) -module and N is an He! {£) -module, th en 

[Indiy- M®NY ^ Imll+f' M" ® N". 
If M is an 7ig^(c?)-module, with character 

chM = ^ r^[ii, . . .,id], 

then Lemma 13.6.11 implies that 

chikf^^: r,[zrf,...,zi]. 

3.7. Contravariant Forms. Let M be in Rep'Hgf(d). A bihnear form (•,•): M « M -> C is 
called a contravariant form if 

{x.v,v') = (w,t(x).w') 

for aU X e (rf) and v, v' £ M. 

Lemma 3.7.1. Let M be in RepTi^f (d) equipped with a contravariant form (•, •). Then 

Mr, -L M^"' unless 77 = C- 

Proof. Assume ri ^ and let v € Mn and u' e Af|'°". Choose z such that q{ri{xf)) ^ q(({xf)), and 
TV > such that 

K'-9(CK'))"-«' = 0. 

Then 

{qirjixf))-qiax^)r{v,v')^iix^-qiaxf))f.v,v') 

= iv,r{{x^-q{axf))r).v') 
^iv,ix',~qiC{xf))f.v')^0 
showing that {v, v') = 0. □ 

3.8. Intertwiners. Define the intertwiner 

= Si{xf - a;,^i) + {xi + Xi+i) - c,;c,;+i(xi - Xi+i). (3.8.1) 

Given an Tigf ((i)-supermodule M, we understand that (piAi^'^'^ C Adf^^Q. Moreover, a straightfor- 
ward calculation gives 

</)2 = 2.t2 + 2x2+1 - {x^ - x\^^f. (3.8.2) 
The following lemma now directly follows (see also 21] ). 

Lemma 3.8.1. Assume that Y is in Rep7i^^((i), and v £ Y satisfies Xi.v = \J q{a)v and Xi^i.v = 
\/ q(b)v for some a,b ^Z. Then, (j)f.v ^ unless q{a) — q{b -\~ 1) or q(a) — q{b — 1). 
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4. Standard Modules 

We construct a family of standard modules which are an analogue of Zelevinsky's construction for 
the degenerate affine Hecke algebra. The key ingredient is to define certain irreducible supermodules 
for a parabolic subalgebra of 7i^^(c?); the so-called segment representations. The standard modules 
are then obtained by inducing from the outer tensor product of these modules. 

4.1. Segment Representations. We begin by constructing a family of irreducible Tigf ((i)-supermodules 
that are analogues of Zelevinsky's segment representations for the degenerate affine Hecke algebra. 
To begin, define the 2'^-dimcnsional 5((i)-supermodule 

C£d = Indgf^ CI, (4.1.1) 

where CI is the trivial representation of Sd- That is, C£d — C£{d).l, where the cyclic vector 1 
satisfies 

w.l — 1, w G Sd- 

This is often referred to as the basic spin representation of S{d). 

Introduce algebra involutions : C£{d) C£{d) by ei{cj) = (— l)''"Cj for I < i,j < d. The 
elements e; act on C£d by e^.l = 1 for 1 < i < c? and, more generally, e^.sl = €i{s)l for 1 < j < d. 
Also, note that the operators commute with each other. 

For each a £ Z, define the Clifford algebra 

The Z2-grading on $a is given by declaring p{(p) = 1. 
Given a pair of integers a < b define the segment 

[a, 6] = {a, a + 1, . . . , b}. 

Given a segment [a, b] with b — a + l = dE Z>o, define the <f>a (8) 5((i)-module 

<l[„,fc] =$a^C£d. (4.1.3) 

Of course, when d = the segment [a, a — 1] = 0, and $0 = <i>a C. 
For i = 1, ci let denote the transposition (ij), and 

A-^(l-c,c,)s.y (4.1.4) 
j<i 

be the ith Jucys-Murphy element (cf. [24, (13.22)]). 

Proposition 4.1.1. Let [a, b] be a segment with b — a + 1 = d. Then, 

(i) The vector space $[a.6] is an H^^ {d) -module with Si.v = (1 Si).v, Ci.v = (1 Ci).v and 

Xi.v — {a 1^ ei + 1 1^ Ci — ip 1^ Ci) .v 



= a (g) ej + ^ 1 (g) (1 - CfcC,;) 



Ski - (p<i$ Ci -v, 



for all V e $[Q,f,]- 
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(ii) The action ofVd[x^] on ^[a,b] is determined by 

Proof, (i) The fact that this is an is an easy check which we leave to the reader, 

(ii) To check the action of xf , observe that 

Xi.l (8)1= la + i — 1 — ^ CjCi .1 (g) 1 + a.ip (g) 1 

and 

Xi.ip (8)1= ja + i — 1 — ^ Cjd .(^ (g) 1 + aci.l (g) 1. 

Now, the result follows using the commutation relations for 1-L^{d). □ 

Remark 4.1.2. In fact, we need not consider all a,b Cz 'Z,. Given any segment [a,b], consider 
the module ^fab] obtained by twisting the action o/7i^^(d) by the automorphism a as described in 



^fa.fc] - *[-b-l,-a-l]- 



Section \3. 6\ Note that when b ^ —1, 



When b = ~1, $fa,_i] = '^[Q -a-iy In particular, for b^O, '^>[_^b+i),b-i] - '^[-b,b]' ^f-i.-i] - 
[0^0] ■ Th^f^fore, it is enough to describe the modules 

(1) ^[a.b], <a<b, and 

(2) 0<a<6. 

The following result describes ^[a,b] a-t the level of characters. 

Proposition 4.1.3. Let [a,b] be a segment with a, 6 > 0. Then, 
(1) i/0 < a < b, then 

[a,...,b], ifa = Q; 
2[a,...,b], ifa^O; 



Cll$[a,b] 

(2) ifO<a< b, then 



ch$[_,,b] =4[a-l,...,l,0,0,l,...,fo] 

Proof The action of xf commutes with C£{d) and ^[a,b] = C£{d).{l (g 1) +Ce{d).{ip'Si 1). Therefore, 
applying Proposition l4.1.1f 2). we deduce in both cases that the xf act by the prescribed eigenvalues. 
The result now follows from the dimension formula in Lemma 13.5.11 □ 

Let (pl[a,b] = (/? (g 1 and l[a.fc] = 1 (g 1. Also, in what follows, we omit the tensor symbols. For 
example, we write 

aei + Ci — ipci := a ® e-i + \ ® Ci — ip ® Ci. 

Definition 4.1.4. Let a e Z and ki, . . . ,Kd E R satisfy nf = q{a + i — 1) where d — b — a + 1. 
Given a subset S C {1, . . . , d} define the element Xs G Ti^f (d) by 

Xs = Y\_i^i + 

Observe that Xs is only defined up to the choices of sign for ki, . . . , Kd- 
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Lemma 4.1.5. Let[a,b] be a segment with d = b— a + 1. Assume that either —a ^ {I, d} and S 
is arbitrary, or assume that —a G {1, . . . , d} and either —a + 1 G 5* or —a G S. Then Xs.i[a.b] 7^ 0- 

Proof. Let 1 = i[a.b]- By Proposition 14. 1 . iT i) . 

Xk-v = (aek + Ck - (pck)-v. 

Let {di > d2 > . ■ . > di} = {!,..., d}\S. Since the Xi mutually commute, 

Xs-i = {Xdi + Kdi) ■ ■ ■ {Xde + Kde)-i 

= {aedi + Kdi + Cdi - fCdi) ■ ■ ■ (aed, + + Cd^ - tpcdi)-! 
= ((a + Kdi) + Cdt - fCdJ • • • ((a + KdJ + Cdt - </?CdJ.i. 

The last equality follows since CkCj = Cjtk k > j. Now, 

Xs-i = iia + Kd, + ^SjdA + i^Sjd,Cj-(pjcdA--- (4.1.5) 

j<di ^ ^j<di ^ ^ 

a + Kd, + ^ Sjd, j + ( X! - jcdJ .i 

where {if) = p'{c) — ipp"{c), where p'{c) G C£{d)Q, p"{c) G C£{d)i, and p'{c) has no constant term. 
Therefore, if either a > 0, or -a + 1 G S*, Xs-l ^ 0. 

Now, assume —a + 1 G {1, . . . , d}, and —a + 1^5, but a G 5. Observe that K_a+i = '«-o = 0. 
Now, 

X-a-i ^ \ ^ ^ C]C-a - ^C^a -1 = -C-aC-a+lX-a+1-^- (4.1.6) 

Let i? = U {-a + 1} and T = R\{-a}. Then, 

Xs.i = XflX-a+i.i = C^aC-a+lXRX-a-^ = C_QC_a+l-'«^T-i 7^ 0. 

Finally, if d = —a, then in (|4.1.5p . o?i = —a and it is clear that the coefficient of c^a-iC-a is 
nonzero. □ 

Lemma 4.1.6. Ifi^S, then XiXs-l = KiXs-1- 

Proof. Since xf.l = q{a — i + 1)1 = nfl, 

Xi{Xi + Ki).i = (Xj + KiXi)i — Ki^Ki + Xi)i, 

SO the result follows because the Xi commute. □ 
Lemma 4.1.7. If i,i + 1 ^ S and i ^ —a, then 

„ 4 / Ki+l + - \ Y i 

SzXs-1 = — ^ + —, — -QCi+i Xs-l. 

\ 2(a + i) 2{a + i) J 
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Proof. Let w and recall the intertwining element (pi. By character considerations = 

{0}. In particular, 

= (fii.w 

= {si{xl - x^+i) + (xi + Xi+i) - CiCi+i{xi - a::i+i)).w 
= -2(a + i)si.w + ((Ki+i + Ki) + (kj+i - Ki)ciCi+i).w. 
Hence, the result. □ 
We can now describe the irreducible segment representations of T-L^{d). 

Theorem 4.1.8. The following holds: 

(i) The module $[o,d-i] is an irreducible TC^{d)-module of type Q. 

(ii) Assume < a < b. The module $[a.6]; ho,s a submodule ^ — C£{d).w, where w = X0.I. 
Moreover, if w' — {xi — nijX^i^.l, and ^-^ =^ C£{d).w' , then 

The submodules are simple modules of type M. 

(iii) IfO<a<b, the 4>[_a,b] has a submodule ^[^^ ^ = C£{d)w (BC£{d)W, where 

■U; = -(1 + V-TcaCa+l)-^{a+l}-l Ciud W = SaW. 

Moreover, if 

w' = -(1 - V^CaCa+l)X{a+l}-i, w' = SaW\ 

and = C£(d)w' ® C£{d)w' , then 



The submodules $ 



^ are simple of type M. 



Proof, (i) First, we deduce that $[o,(;-i] is irreducible by character considerations. It has two 
non-homogeneous submodules: 



C£{d){^/-d+{cl + ■■■ + Cd)).l[aA-i] and C£{d)iV-d - (ci + • ■ ■ + Cd)).l[o,d-i]. 

These vector spaces are clearly stable under the action of S{d). Since xi acts by zero on these 
vector spaces, the action of Ti^f (d) factors through S{d) and thus these vector spaces are TlQ^{d)- 
submodules. Therefore ^[o.d-i] is of type Q (cf. Section[21). 

(ii) Let i = i[a.b], w = Xg.i and = C£{d).w. By Lemma liX^ w ^ 0. Now, Lemmas 14.1.61 

and 14 . 1 . 7l together imply that ^ is a submodule. 

It now remains to show that ^[a,b] = f,] © bjj where $|~ is as in the statement of the 
proposition. To this end, assume that w' S ^[!ib]- That is, there exists p{c) G C£{d) such that 
p{c).w — w' . Write 

p(c) = ^a^c^, 

e 

where the sum is over e = (£1, . . . , £d) e Z^- Then, for 1 < i < d, 
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where (of course) the 6 on the left of the equal sign is the Kronecker delta. This forces p{c) = rci + s 
for complex numbers r and s. Since w' is even, r = implying that w' = sw which is impossible. 

(iii) We deal with ^[Lab]^ ^^^'^ proposed submodule ^^Lab] being similar. Let w = —(1 + 
V— lcaCa+i)^{a+i}-li w = Sa-W, and ^[ab] ~ C£{d).'w + Ci{d).w. Thc proof of Lemma 14.1.51 
shows that 



^{a+i}-i= n (a + «-l + Ki)-i + (*)■! 



l<i<d 

where ("A") = _p'(c) — ipp"{c) where p'{c) € C£{d)^, p"{c) £ C£{d)i, and p'{c) has no constant term. 
It is also easy to see that p'{c) and p"{c) have coefficients in R. We conclude from this that w ^ 0. 
Note that by definition, CaCa+i-w = ~\/—lw. 

Lemma 14.1.61 shows that for i ^ a, a + 1, xt.w = KiW. Moreover, 

Xa-W = -(1 - \/^CaCa+l)a;a^{a+l}-i = 0. 

Also, Xa-l — —CaCa+iXa+i-l (sce the computation (j4.1.6p for details). Thus, 

W = -^{l + V^CaCa+l)X{a}-i (4.1.7) 

SO Xa+i-w — 0. As for w — SaW, Xi.W — KiW for i ^ a, a + 1. Using commutation relations, we 
compute 

XaW = XaSa-W = {SaXa+1 - 1 - CaCa+l).W = -(1 + \^)w. (4.1.8) 

Similarly, 

Xa+l.W^ {1 + V^)w. (4.1.9) 

We now turn to the action of the symmetric group. First, for i 7^ a — 1, a+ 1, Lemma [4.1.71 shows 
that Si.w G {,]■ Lemma 14X71 



Thus, 



Sa-lAr{a+l}-i = ° ^ (Ca-lCa - l)X{a+i}.i. 



Sa-l-W = + V-lCa-lCa+l){Ca-lCa - l)X[a+l}-i 



" (1 + Ca-lCa + V^Ca-lCa+1 - \/^CaCa+l)X{a+l} -1 



2 



{Ca-lCa - l)-W. 



2 

Similarly, by (|4.1.7p and Lemma [4. 1.71 

Sa+l-W = -^^^(1 + Ca+lCa+2)-W. 

Now, for i 7^ a — 1, a + 1, SjSa = SaSj- Hence, by Lemma 14.1.71 

\ 2(a + «) 2(a + «) / 

To deduce the action of s^-i and Sa on w, we proceed as in the proof of Lemma [4.1.71 Recall 
again the intertwining elements 4>a-i smd (j)a+i- By character considerations, we deduce that 
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(j)a-i-w = = (j)a+i-w. Unlike in lemma |4.1.6[ in this case the action of Xa (resp. Xa+i) is given by 
(|4T8ll (resp. gUl)). Thus, 

Sa-l-W = -^^-^^^^(1 + Ca-lCa)-W - -^^^^^(1 - Ca-lCa)-W (4.1.11) 

and 



Sa+l-W = — ^ 3^(1 - Ca+lCa+2)-W + ^^^y^(l + Ca+lCa+2)-W. (4.1.12) 

It is easy to see that $[-0,6] = *^[^a fj] + [-a b] since i(u' + w') = X^^i}-^ is a cyclic vector 
for $[-a,b]- As in part (ii), it is easy to see that if w' ~ p{c)w + r{c)saW where p{c) and r(c) are 
polynomials in the Clifford generators, that p(c) = Ai + X2CaCa+i and r(c) = A3 + XiCaCa+i for 
some complex numbers Ai, A2, A3, A4. Noting that CaCa+iw = —^/—Iw gives that all the coefficients 
are zero. 

Therefore, we are left to show that ^'^La t] simple. Indeed, assume V C ^j*!^ (,] is a submodule. 
Then, 

chV = [a- 1,..., 0,0,..., 6]. 

Let V = pi{c).w +p2{c).w €: V be a vector satisfying Xi.v — KiV for all z, where pi{c),p2{c) G C£{d). 
For 1 = 1,2, define Pi{c) by the formulae XaPi{c) — p[{c)xa- Then, 

= Xa-v = —(1 + \/ — l)p2(c).w 

showing that P2ic) — (hence, P2(c) = 0). Now, arguing as above with the vector Sa-v shows that 
Pi(c) = 0. □ 

We can now define the irreducible segment representations which are the key to defining the 
standard Hgf (d)-modules. 

Definition 4.1.9. Leta,bEZ>o. 

(1) Let *[o,d-i] *[o,d-i], 1 X^iyl, where m = ^/ q{i - 1). 

(2) If < a < h, let $[0,6] — b] *^ Proposition \4-. 1 ."^ ii) , with Ki — +-\/g(a + i — 1) for all i, 
and let 1 :— w. 



(3) If < a < h, let '^[-a,b] = "^[^a 6] ''^^^^ — +1/ q{—cL + i — 1), 1 :— w and 1 :— w. 

(4) IfQ<a, tet $0 = C. 

4.2. Some Lie Theoretic Notation. It is convenient in this section to introduce some Lie theo- 
retic notation. This section differs from [2^ in that the notation defined here is associated to the 
Lie superalgebra q(n) (as opposed to the Kac-Moody algebra boo)- 
Define the sets P = Z", P>o = Z"q, and 



p+ 


= {A= (Ai,...,A„) e F|A, > A,;+i 


for all 1 < i < n } 


(4.2.1) 


P++ 


= { A e P+ 1 Aj + Aj 7^ for all 1 < 


ij <n} 


(4.2.2) 


p+ 

^rat 


= { A e P^ 1 \i = Ai+i implies Ai = 


0} 


(4.2.3) 


P+ 
poly 


= {AeP+JA„>0} 




(4.2.4) 


^'>0 


= {A e P| Ai > for alH}, 




(4.2.5) 
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The weights (|4.2.1[) are called dominant, and l|4.2.2|) are called dominant typical. A weight A e P is 
simply typical if 7^ for all The weights (j4.2.3p are called rational, ()4.2.4p are polynomial, 

and the set l4.2.5l are simply compositions. For each of the sets X = P+, P^+, Pi^tJ ^poiy -^>o above, 
define 

X{d) = {\e X\\i + ■ ■ ■ + = d]. 

Let i? C P be the root system of type An-i- That is, R — {aij \ l<i^j<n} where 
is the n-tuple with 1 in the ith coordinate and —1 in the jth coordinate. The positive roots are 
P+ = {aij & R \ i < j}, the root lattice Q is the Z-span of P, and Q"*" is the Z>o-span of P+. The 
symmetric group, 5„, acts on P by place permutation. Define the length function i : Sn Z>o in 
the usual way: 

£iw) = \{a e P+ I w{a) e -P+}|. 
Equivalently, i^w) is the number of simple transpositions occurring in a reduced expression for w. 
Write w ^ y if y — SaW for some a e P+ and < £{y). Define the Bruhat order on S'„ by 
w <b y if there exists a sequence w —^ wi ■■■—>■ y. Also, for A G P, define 

5„[A] = {w e Sn\ w{X) = A }, and P[A] = { a^j e P| Sij{\) = A }, 

and define 

P+ [A] = { /X e P I /i, > fij if sy e Sn [A] }, and P" [A] = { ^ e P | < fij if e S„ [A] } 
where Sij £ Sn denotes the transposition (ij). 

4.3. Induced Modules. Using the irreducible segment representations defined above we now de- 
fine standard representations. Let A,/i S P satisfy A — G P>o{d). Define 

$(A,Ai) = $[^i,Ai-l] K • • • K ^K,A„-l] 

and 

$(A,^) = $[pi,Ai-l] ® ■••®*[p„,A„-l], 

and define standard (cyclic) modules for 7Y^^((i) by 

A1(A,m) -Indl,..._,„$(A,M) (4.3.1) 

and 

M{x,^i) = lndi_^^'^>{x,^l). (4.3.2) 

We call the standard modules Al(A,/i) and A4{X,fi) big and little, respectively. 
Both the big and little standard modules are cyclic. Let 

iA,M = 1 ® (i ® ■ • • ® i) e M{X, fi) (4.3.3) 

be the distinguished cyclic generator of A4{X,ii). Fix the following choice of distinguished cyclic 
generator Ix^p, G M{X,fj.). Let ii < • • • < be such that fii- — for all j and 70 (/^) — k. Choose 

Lfc/2J 

1a,m = n (1 " ^^C^2J-lC^2J)'^ (1 (g) • • • 1). 

Lemma 4.3.1. Let A,/i G P so f/iaf A — /i G P>o{d). Then, 
(i) dimAl(A,^) = rf^!.'^.rfj 2'^+"-T°(^) 
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(ii) dimAl(A,^) = ,^2'^-L^J 

(iii) M{x,^i)=M{\^i)®^ ^ . 

Proof, (i) The dimension of A^(A,/i) follows from the definition. 

(ii) Use Proposition 14. 1 .81 

(iii) Since induction commutes with direct sums we have that Ai{\, fi) is a direct sum of copies 
M{X,fi). A count using (i) and (ii) yields (iii). □ 

We end this section by recording certain data about the weight spaces and generalized weight 
spaces of A^(A,/i) which will be useful later. Define the weight Ca./^ : 'Pd[x'^] — > C by f.l\.^ = 
CA,/i(/)lA,/j for all / S Vdix]. As in ^4.21 the symmetric group, 5^, acts on an integral weight 
C : V4x'] C by wiOix^) = a^l^^)- Let 

Sa[(\^{weSd\w{0=C}. 

Define l{'w) to be the length of w (i.e. the number of simple transpositions occurring in a reduced 
expression of w) and recall the definition of the Bruhat order given in section [4.21 

Lemma 4.3.2. Given A, /i e P with A — /i e P>o{d), 

(i) PiM{X, /i)) - { w{Cx,^) I w e Dx-,, }, 

(ii) For any ( G P(7W(A,Ai)), 

dimX(A, ^i)f^ = 2^- \{we Dx^^ \ w{0 = C }!• 
In particular, 

dim X (A, ^l)f;l = 2"^- J I i?A-M n 5d [Ca.m] I ■ 

Proof, (i) This follows directly upon applying the Mackey Theorem to the character map. 
(ii) Given / e 'Pd[x'^] and w E Sd, v^e have the relation 

fw^w w^'^if) + ^ uCufu 

u<i,w 

where the sum is over u <b w in the Bruhat order, C„ £ Ci{d), /„ G Vdlx] and deg/„ < deg/, see 
Pil Lemma 14.2.1]. Therefore, if / G Vd[x^], C G Ce{d) and w e Dx-^, 

fiwC.lx,^) = w;(Ca,^)(/)«^C.1a,m + ^^-/-Ia.m (4-3.4) 

U<i,-!il 

where the sum is over u E D\^^. In particular, wClx-^i G l^^Tx^ only if w G Dx^fj_nSd[Cx,fi]- 

Conversely, if w G Dx~^^ H ^^[Ca.^Ij it is straightforward to see that all u occurring on the right 
hand side of (|4.3.4p also belong to -Da-^ ^ Sd[C,x.^J\■ This gives the result. □ 

4.4. Unique Simple Quotients. In general, the standard cyclic module A1(A, /i) may not have 
a unique simple head. However, in this subsection, we determine sufficient conditions for this to 
hold. Throughout this section, keep in mind that q{a) — q{~a — 1) for all a El. We follow closely 
the strategy in [45j . We begin with some preparatory lemmas. 
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Lemma 4.4.1. Let M he an H^^^ {d)-module, and C, a weight of M, then there exists v G A4{X,fj,)^ 
such that 



for all i = 1, . . . , d. 

Proof. Choose 7^ f o G M^. Recall the definition 14.1.41 We adapt this to our current situation 
by setting = -^Z q{C,{xf)) and S = {i \ xiv = — Kiu}. Then, vi :— Xg.vo E A4q is nonzero and 
Xi.vi = ±KiVi for all i. Now, set 

v= [Y[cAvi. 

Vies / 

Then, v is nonzero and has the desired properties. □ 

Therefore, we may define the non-zero subspace 

— I e AIq \ Xi.m = ^J'q{({x^ m for i = 1, . . . , d . 

We will use the following key lemma repeatedly in this section. 

Lemma 4.4.2. Let Y be in Rep7i^^((i) and v E for some weight C. Assume that for some 
1 < i < d— 1, Xi-V — ^ q{a), x^+i = y/ q{b) where a,h E'L and either q{a) ^ or q{b) 7^ 0. Further, 
if q{a) — q{bzL 1), assume that 

Si+i.V = {ki + K2Ci+iCi+2)-V (4.4.1) 

for some constants ki,K2 G C, not both 0. Then, v E Ti,^^{d).(f>i.v. 

Proof. First, if q{a) = q{b) 7^ 0, then using p.S.ip and Lemma 14.8.1 of [21] we deduce that 

(pi.v = 2q{a)v ^ 0, 

so the result is trivial. If q{a) ^ q{b± 1), then using (|3.8.2[) we deduce that 

^Iv = {2q{a) - 2q(h) - {q{a) - q(h)f)v ^ 

and again the result is trivial. 

Now, let K3 — q{a) — q{h) 7^ 0, K4 = \/ q{a) — \/ q{b) =/= and K5 = \/ q{a) + \/ q(b) > 0. Then, 
appealing again to (|3.8.ip we have that 

Let c' and c" be two elements of the Clifford algebra. Consider an expression of the form 

(1 + c'si+i - c" SiSi+i)<j)iV ={K3Si - K4CiCi+i + K5 + K^c' Si+iSi 

- K4C' CiCi+2Si+l + K^c'si+l - K3c"si+lSiSi+l 
+ K4C" Ci+iCi+2SiSi+i - K5c"siSi+i)v. 
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By (|4.4.ip . this equals 

[nzSi - K4CiCi+i + K5+ K^c'si+iSi - KiK4c'ciCi+2 

- K2Hic! CiCi+i + K1K5C' + K2K5c'ci+iCi+2 " KlK3c"si+iSi 

- K2Hzc" CiCi+iSi+iSi + KiKiC" Ci+iCi+2Si ~ K2K4C" CiCi+iSi 

- KiK^c" Si - K2K5c"ciCi+2Si)v. 

The coefficient of SiV is 

K3 + KiK4c"cj+iCi+2 - K2K4C" CiCi+i - KiK^c" - K2K5C" CiCi+2 ■ 

The coefficient of Si+iSiV is 

K3C' - K1K3C" - K2K3c"ciCj+i. 

In order to make both of these coefficients zero, set c' = c"(ki + K2CiCi+i) and 

c" = + l^ll^iCi+iCi+2 - K2K4CiCi+i - K2K5CjCj+2), 

where 

7 



The coefficient of v is 

-K4CiCi+i + K5 - KiK4c'ciCj+2 - K2K4c'CiCi+i + KiK^c' + K.2K5C' Ci+iCi+2 

= — KiCiCi+l + K5 — KiKic" {niCiCi+2 + K2Ci+lCj+2) — K2Hac" {niCiCi+l — K2) 
+ Ki/v5c"(ki + K2CiCi+i) + K2K4C" {KiCi+iCi+2 " '«2CjCj+2). 

This is equal to 

K5 - K4CiCj+l + (-K1K2K4 + KlK2K5)c" CiCi+l + {-K\Ki - K2'*5)c"ciCi+2 
+ (— K1K2K4 + KiK2K5)c"ci+iCi+2 + (K2K4 + 1^1^5)0" 

= K5 - K4CjCj+l + (kiK2'«5 - KlK2K4)7(-'*l'«5CjC.r+p - KlK4CiCi+2 " K2K4 " K2K5Ci+lCi+2) 
+ (-K1K4 - K2K5)7(-KlK5CiCi+2 + KlK^CiCi+l - K2K5 + H2K4Ci+lCi+2) 
+ {-K1K2K4 + KlK2K5)7(-KlK5Ci+lCi+2 ~ K2'«4CiCj+2 + K1K4 + K2K5CiCi+l) 
+ {k\h4 + k\kz)^{- HiK4Ci+iCi+2 + K2K4C.jC,:+1 - '^l^s + K2'«5CiCi+2) 

= K5 + (5iCiCi+i + ^2Ci+lCi+2 + <53CiC.J+2 

for some constants 61^62^6^ G M. 
Thus, 

(k5 ~ (5iCiCj+i - (52Ci+iCj+2 - ^3CiQ+2)(l + c' Si+i - c!' S^Si+ijcjjiV 

+ 6l + 5l + 6l)v. 

Since ^1, f^l' '^3 ^ I^>o and K5 > 0, the result follows. □ 
Proposition 4.4.3. Assume that A e P^^ , /-t G ^'^[A], and A — ^ e P>a{d). Then, 

MiX,fi) /— -CIa,^. 
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We begin by proving a special case of the Proposition. Suppose n divides d, and d/n = b — a for 
some a,b e Z, b > 0. Let A = {b, . . . ,b) and /i = (a, . . . , a) be weights of q(n). Set Ma,b,n = ^^(A, fi), 
and set la,b,n = Ia./^- Let 

Ca,b,n = (a, a + 1, . . . , 6 - 1, . . . , a, a + 1, . . . , 5 - 1) 

be a weight for H-clid) where the sequence a, a + l,...,6 — 1 appears n times. 
The first goal is to compute the weight space {Ma,bm) ■ 

Set n = d in the definition above so that b ^ a + I. The resulting module is the Kato module 
K(a, . . . , a) = Ka, where all the act by q{a) on the vector la,b,n- 
The following is [231 Lemma 16.3.2, Theorem 16.3.3]. 

Lemma 4.4.4. (1) If a ^ —1 or 0, the weight space of K{a, . . . , a) corresponding to {a, ... , a) 

with respect to the operators x\, . . . , has dimension 2". If a = —1 or 0, then the weight 
space of K{a, . . . , a) corresponding to (a, ... , a) with respect to the operators xi, . . . ,Xn has 
dimension 2^^~^ . 

(2) The module K{a, . . . , a) is equal to its generalized weight space for the weight (a, . . . , a). 

(3) The module K{a, . . . , a) is simple of type Q if a ^ and d is odd, and is of type M otherwise. 

Set m = d/n. In the set of weights of Ma,b,n, there exists a unique anti-dominant weight Ca & n 
that is given by 

Ca.b^n = ( a,..^. ,a,a + l,..^. ,a+l, . . . , b-l,..^.,b- 1 ). 

n n n 

Take an element r e -Da-^ such that T{Ca.b,n) = C 6 «■ If — 0, it is given by r = • • • 
where = p5^_iPfj_2 ' ' ' Pi' 

and, for 1 < r < d — 1, and l<p<(i — r, = s^+p-i ■ • ■ Sr+iSr- 

If & < 0, then T = CT(a;^ • • •cj™^^), where ct is the automorphism of Tigf (d). Finally, if a < 
and & > 0, T = CT(_a_|_i)„(a;'^ • • • lo^^-^ld^"-^'^ ■ ■ ■ oj™^-'^, where cr_a is the automorphism of T-l^^{—a) C 
H^^{d) embedded on the left. 

Lemma 4.4.5. The vector (l)T'i-a,b,n is a cyclic vector of Ma,b,n- 

Proof. This follows from iterated applications of lemma 14.4.21 □ 

The proof of the following lemma is similar to [45j Lemma A. 7], substituting Lemmas 14.4.41 
and 14.3.21 appropriatelv into Suzuki's argument. 

Lemma 4.4.6. (Ala,b,n) C (t)rC(.{d)l 

a.b,n- 

Proof. By an argument similar to the proof of [45, Lemma A. 7], we deduce that 

(A^a,b,n)c°_,_„ = {Ka)a(^) ® (i^a+l ) (a+l)(") ® ' ' ' ® ) (fa_i) (-) 

if a > 0, and 

{,Ma,b,n)ci,„ - {K-a-l)(-a-l)i^) ® ' ' ' ® {Kq)qC^^) ® (i^OlM ' ' ' ® (i^b- 1 ) (b_ i)M 
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if a < 0. Here, {Kj)j(„) is the weight space K{j, . . . , of a Kato module. Since 

we deduce that if a > 

Similarly, if a < 0, {Ma.b,n) ^^/^^y- ^ Ce{d)(l)rla,b,n- D 

Proposition 4.4.7. For f/ie special standard module defined above, (A^a,b,n)^y^~j^ — ^ ((i)lQ_f,^„. 

Proof. For i = 1, . . . , d, let i = jm-\-r where < j < n and < r < m. Take any v G (A^a.fc.n)^y^— ^ — • 
Lemma 14.4.61 implies that = (przl. for some z e C£{d). Put wq = t' — zl. Then 0rWo = 0. Note 
that since r ^ m, ipiVo = since Si{Ca,b,n) is not a weight of A4a,b,n- 
li r ^ —a, we can solve for siVq in the equation 0i.fo = to get 

\~2(a + r) -2{a + r) J 



where Kr = \J q{a + r — 1). 
Similarly, if r ^ —a, 

I l^r Kr ^ — 1 \ -. 

Si-i-a.b,n — I TT, ; T H ';r> ' rCiCi_|_i I i-a.b,n- 

If r = —a, then routine calculations from earlier gives that 

Hence there exists an 7i^^ ((i)-homomorphism ■ M.a,b.n ■Ma,b,n such that ■(/'(la.ft,") = if 
a > or 6 < 0. If a < < 6, then there is an Tigf ((i)-homomorphism -0 : A4a,b,n Ma,b,n such 

that ^{la,b,n) = no<j<n(l + V-^Cjjn-aCjm-a+l)vo 

Thus by lemma [4.4.6[ the kernel of ip is equal to A4a,b.n- Therefore vq = 0. Thus v € C£{d)la,b,n- 

□ 

We now reduce the general case to the special case above. To this end, fix A G P^^, /i G 
and A — /i G P>o(d). Set di = \i — fii, and let Oi — di + ■ ■ ■ + c?i-i + 1, 6^ = di + ■ ■ • + di. Observe 
that 

Ca,m«) = /^. and Ca,m(4) = ^«-1- (4-4-2) 

Furthermore, observe that if < c < bi, 

CxA^) = CxA4j - ih - c) and (x^^) ^ CxA=^lJ + ~ a,) . (4.4.3) 

Since A G and /i G P+[A], we can find integers = n'^ < n[ < ■■■ < n'^ — n, and 

= uq < ni < ■ ■ ■ < jis — n such that 

R[X]=Rn lai and R\y\^R\ii\ = ^ Za^. 

Let 
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and 

-^P = {a„p_i+i,a„p_i+i + l,...,6nj, - 1} (p=l,...,s), I ^ hU ...Uls. 
Then, S\-f^ ^ Sj C Sj> and 

S^/Sx-^ = Dx-^.nS^ and Si/Sx^^ ^ D^^^n Sj, (cf. gH). 

Lemma 4.4.8. f45', Lemma A. 9] There is a containment of sets D\^f^ D Sd[C\,fi] C D\^^ n Si. 

Let V e AA{X,^)^^^ — . For each p G {!,..., s}, we can write v — J2j ^'f^ Zj^^Vj where Vj G 
^{X,fi), {x'y^}j are hnearly independent elements of C[-Da-p H Si-iJ and Zj^^ G C[£'a-^ H SiJ. 
Let Vd[x^]i, ^C[xj\ielp]. 

Lemma 4.4.9. \A5, Lemma A.IO] For / G Vdlx^ji^, fz^^\j = Ca,/.(/)4''^Wj. 
Proof. Observe 

= (/ - Ca,,(/))« = E4'^(/ - CA.M(/))^f lA.M- 

i 

Since 5/^ C Sd is closed with respect to the Bruhat order we have fz^^^lx^^ G C[D\-f^r\SiJ. Since 
{x^y^}j are linearly independent, each (/ — Ca,ai(/))^]^''1a,^i must be 0. □ 

Proof of Proposition \J^TS\ Let Ti-^ilp) be the subalgebra corresponding to Ip. Note that 'H^{Ip) = 
Hgfd/pl). First note that 'HqI{Ip)vj = A^Q,b,np-np_i for some a,h. Thus by Proposition I4.4.7[ 
2;|,^''wj G CIa,^. Thus, v G C[-Da-p H Si-i^] for any p. It now follows that v G CIa.^-I 

Theorem 4.4.10. Assume that A G /i G -P+[A], and A — ^ G P>o(d). T/ien M{\,y) has a 

unique simple quotient module, denoted C{X, fi) . 

Proof. Assume iV is a submodule of A4(\,p,). If A^P" ^ 0, then N r. — ^ 0. By the previous 
lemma, A^ n C£{d)l\,^ ^ {0}, so 1a, ^ G A^ because C£{d)l\^i_, is an irreducible H^f (A — /i)-module. 
Hence, N ~ M{X, It follows that 

A^(A,/i)f\ 

The sum of all proper submodules satisfies this property. Therefore, A4{X, /i) has a unique maximal 
proper submodule and a unique simple quotient. □ 

Let TZ{X, fi) denote the unique maximal submodule, and define C{X, ii) = M{X, p) /TZ{X, fi) . 
5. Classification of Calibrated Representations 

A representation M of the AHC A is called calibrated if the polynomial subalgebra Vd [x] C Ti^ [d) 
acts semisimply. The main combinatorial object associated to such a representation is the shifted 
skew shape. Calibrated representations of the affine Hecke algebra were studied and classified in 
|35| . The main combinatorial object in that case were pairs of skew shapes and content functions. 
That construction along with 27, Conjecture 52] motivated the construction given here. A proof of a 
slightly modified version of that conjecture is given here. Leclerc defined a calibrated representation 
to be one in which Vdlx"^] acts semisimply. For example, the module $[_x,o] is calibrated in the 
sense of |27| but Xi, X2 do not act diagonally in any basis. 
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5.1. Construction of Calibrated Representations. Let A (Ai, . . . , A^) and /i — (/ii, . . . , /i^) 
be two partitions with Ai > • • • > Ar > and /^i > • ■ ■ > /ir such that /ii = /ii+i imphes /i^ = 
and Ai > /i^ for aU i. To such data, associate a shifted skew shape of boxes where row i has A^ — /x^ 
boxes and the leftmost box occurs in position i. Figure [1] iUustrates a skew shape for A = (5,2, 1) 
and /I — (3, 1, 0). 
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Figure 1 . Skew Shape filled with contents 

A standard filling of a skew shape A//z with a total of d boxes is an insertion of the set {1, . . . , d} 
into the boxes of the skew shape such that each box gets exactly one element, each element is used 
exactly once and the rows are increasing from left to right and the columns are increasing from 
top to bottom. In a shifted shape. A, all the boxes will lie above one main diagonal running from 
northwest to southeast. Each box in this main diagonal will be assigned content 0. The contents of 
the other boxes will be constant along the diagonals where the contents of the diagonal northeast of 
its immediate neighbor will be one more than the contents of its immediate neighbor. In a shifted 
skew shape, A/^, the contents are defined as in figure [1] 

Given a standard tableaux L for a shifted skew shape A//i, let c{Li) be the contents of the box 
labeled by i. Thus L gives rise to a d-tuple c(L) — (c(Li), . . . , c{Ld)) called the content reading of 
A//i with respect to L. 

Let A//X be a shifted skew shape such that A//i has d boxes. Set k^j^ — q[c{Li)) and 



Now to a skew shape A//i, associate a vector space H^^^ — ®LCl{d)vL where L ranges over all 
standard tableaux of shape A//i and d is the number of boxes in the shifted skew shape. Define 
XiVL = Ki^LVL- Define 

SiVL = VL H CiCi+iVL + yi,LVs,L 

where Vg^^ — Q if SiL is not a standard tableaux. 

Proposition 5.1.1. The action of the xi and Si given above endow H^^^ with the structure of a 
HQ^{d) -module. 
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Proof. We have 



1 



1 



1 



-SiVL 



1 



CiCi+iSiVL + yi,LSiVsiL 
1 



-VL 



CjCi+i / I 1 



-VL 



Cid+iVL + yi,LVsiL 
CiCt+iVL + yi,LVsiL 



1 1 

Vs,L H ; C^C^+iVsiL + yi,LVL 



1 



1 



yi.Lyi,L \VL ^ VL- 



Note that if Vs^L = 0, then (,.^, ,^,, ,). + = 1- 



Next, 

SiXiVL 

On the other hand, 



WL H \ CiCi+iVL + yi,LVsiL- 



Xt+iSiVL - VL + CiCi+iVL = VL 



Ki+l.L - Kz,L Kt+l.L + Hi,L 

l^i+l,L 



Ki+1,L - l^i,L Ki+1,L + Hi,L 



CiCi+iVL + y^LVs^L -VL + CiCi+iVL- 



Thus it is easily seen that 



SiXiVL = Xi+iSiVL -VL + CiCi+iVL- 



We now check the braid relations. To this end, fix j e N and set = VJ^TT for z > 0. 



L = 



i + l 



i + 2 



Figure 2. Case 1 

Case 1: Let L be the standard tableaux given in Figure [21 A calculation gives 

1 1 



SiSi+lSiVL = Si+iSiSi+lVL 



+ 



+ 



(k3 - K2)^(«2 - Ki) (k2 + K3)^(ki + K2) 

1 1 

+ 



VL 



(k^ — kI){h2 + Ki) («;| — ^2)2(^2 — Ki) 
1 1 



+ 



CiCi+iVL 



Ci+lCi+2VL 



CiCi+2VL- 



Ll 



i 


i + l 


i + 2 





i 


i + 2 


i + l 





Figure 3. Case 2 
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Case 2: Let Li and L2 be the standard tableaux given in Figure [3l A calculation gives 

S^Si+iSiVLi = S,+ iSiSi+iWi,j = ( -i- + ; -i- ; ) VLi 



+ 



1 1 

(k§ - - K3) (kI - + K3) / 



1 1 



+ 2TT? T Ci+iCi+2ULi 



(k| - + K3) - - K3) 

1 1 



(k3 - K2)2(ki + K3) («:2 + K3)2(ki — K3) 



CiCi+2«Ll 



, , 3^i+l,Li \ / 3^1+1, Li . 

+ 7 \7 T + 7 77 ; 7 CiCi+\VL2 

* (K3 - ft2)(Kl - K2) / V ('^3 — K2)(ki + ^2) / 

, , !Vi+l,Li \ , / 3^1+1. Li , 

+ 7 ^7 — T — V Ci+iCi+2WL2 + 7 — - — 77 — - — 7 CiCi+2VL2 



1 



(kI — K2)^(k3 - Kl) (ki + K2)^(ki + K3) 

+ I 7-2 -2T7- -T - 7-2 -27^7— —T I CiCi+i7;i2 





- K2)(k3 - Ki) 
-1 


1 


+ K3)J 




- + K3) 


- k|)2(k3 






1 


1 








+ ^ TTT^ 





+ 77:2 72777^ — TTTT + 77:2 727277 Ci+iCi+2VL2 



+ 7 777 ; 7 + 7 ; 777 7 CiCi+2VL2 

"1 - K.2)^(lil + lis) + K2j^(K3 — Kl) ' 

, , yi+l,L2 \ , I 3^1+1, L2 , 
+ 7 77 7 t-'Li + 7 77 ; r CjCj+itiLi 



(k3 — K2)(ki — K2) / \ (ki — K2)(k2 + K3) 

+ 7 77 ; 7 Ci+iCi+2VLi + 7 ■ 77 ■ r CiCi+2VLi. 

\(K3 - K2)(H1 + K2) J V('^2 + K3)(ki + K,2) / 





i + l 


i 


i + 2 





i 


t + 1 


i + 2 



Figure 4. Case 3 

Case 3: Let Li and L2 be as in figure ID Then, a calculation analogous to case 2 shows that 

SiSi+iSiVLi = Si+iSiSi+2VLi and SiSi+iSiWia = Si+iSiSi+2VL2- 



Li 





i + 2 
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i + l 







i + l 
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i + 2 
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i + l 


i + 2 





Figure 5. Case 4 
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Case 4: Let Li, L2, and L3 be the standard tableaux given in Figure ID 



SiSi+lSiVLi = Si+lSiSi+lVLi 



+ 



1 



+ 



+ 



+ 



+ 



+ 



1 1 



(k1 - K^){k3 ~ Kl) - K^)(ki + K3) 

1 1 



(ki — Ko)^(ki + K3) (ko + Ki)2(k3 — Ki) 



3^1+1, Li 



3^1+1, Li 



t)L2 + 



3^1+1, Li 



(kO + Ki)(k3 - Ko) 



3^1+1, Li 3^1, L2 
+ Kl 



(ki — Ko)(ko + K3) 

3^1+1, Li 



CiCi+lVL2 



(ko + Ki)(ko + K3) 
Ci+lCi+2tlL3 . 



CiCi+21^1,2 



,1,1, ^i.La 3^i,-L3 1 

s,Si+iSiUi2 = s,+iSiSi+iDi,2 = 7 TTT T + 7 ; ^ r H ^'^-2 

\(/s:3 — ko)^(ki - K3) (ko + K3) (ki + K3) Kl - Ko 

1 1 



(k§ - - K3) Kg) (ki + K3) 

-1 1 
(kI - K3) {nl - fcg)(Kl - fi:3)/ ^' + -^^' + 2"^2 

^, 1 1 y^.L2y^,LA 

+ 7 757 7 — 7 777 7 H CiCi+2«L2 

\ (K3 — Ko)^(ki + K3) (ko + K3j^(Kl — K3) ACQ + Kl / 

^ I yi,L2 ^ 3^t.-L2 \ 

^(k3 - «:o)(ki — K3) (ki — fto)(KO — '^3)/ ^ 

, , -3^i,i2 , yi,L2 \ 
+ 7 77 7 + 7 77 7 Cid+iVL^ 

1 yi,L2 yi.L2 \ 

+ 7 77 7 ~ 7 77 7 Ci+lCi+2«L3 

Jk3 + Koj(Kl — K3j (ki + fto)(KO + «:3)/ 

, I 3^i,i2 , yi,L2 \ 

+ 7 77 ; 7 + 7 ; 77 7 CiCi+2VL3 

\(k3 ~ ko)(ki + K3j (ki + ko){ko — «:3)y 

, 3^i + l,-C.2 A , / yi+l,L2 \ 

+ 7 77 7 ULi + 7 ; 77 7 Cid+iVLi 



(ki — Ko)(k3 — Ko) / ^ V ('^1 + '^o)('^3 ^ '^") 
, I 3^i+l,-L2 \ I / yi+l,L2 \ 

+ 7 ; T7 T Ci+-iCi+2VLi + 7 1 77 ■ 7 CiCi+2WLi. 
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1,1, y^.L^y^,LA 

SiSi+lSiVL3 = Si+iSiSi+iVL3 = 7 rjT r + 7 ; tttz ; r H '■ UL3 

-1 1 



1 1 , 1 , yi,L2yi.L3 , 

+ 7 ^27 ^ T + 7 ; \2l T ^ \ CiCi+2V 



(kO - K3)(ki - Ko) 


+ 


(ki - K3)(k3 


- hq) 




+ 






(k3 + Ko)(ko + Ki) 


(ki - K3)(ko 


+ K3) 










(k3 + Ko)(ki — Ko) 




(ki + K3)(ko 


+ K3) 


yi,L3 


+ 


yi,L3 





+ 7 ; • , r + 7 ' r Cid+iVLi 



Ci+lCi+2VL2 



+ 7 f? ; T + 7 ; 77 7 CiCi+2«L2 

+ WLi + aa+lVLi- 







i + 2 








i + 2 








i + l 




i + 1 
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i + 2 
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^ + 1 








i 













t + l 








j 








i 
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L5 = 




^ + 1 








i + 2 






i + 2 








i + 2 








i + l 







Figure 6. Case 5 



Case 5: Let Li, L2, ^3, ^4, L5, and ig be given as in Figure [6l 
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SiSi+lSiVLi = Si+lSiSi+lVLi 



1 I i I y\.L,y^,L, 

(/t2 — /to)^(K4 — K2) (K2 + Ko)^(K4 + K2) Ki — Ko 

1 1 



SiSi+iSiVL2 = Si+lSiSi+lVL2 



+ 



+ 



+ 



-1 



— Kq){K4 + K,2) («i — Ko)('«4 — K2) 
1 1 



+ ■ 



CiCi+lVLi 

Ci+lCi+2VLi 



(k2 — /to)^(M + K2) (k2 + ^e;o)^(«4 — K2) K4 + /to 



CiCi+2VLi 



+ ■ 



{K2 — Ko){ka — K2) (K4 - Ko)(ko - K2) 

(K2 + «o)(K4 + K2) («4 - Ko)(KO + K2) / '^''^'+^^^2 

3^1, Ll 3'i,il 



(k2 + Ko)(k4 — K2) (K4 + Ko)(kO + K2) 



(K2 — Ko)(K4 + /t2) («4 + Ko)(«;0 — K2) 



(K2 — «o)(K4 — Ko) 



(k2 + «o)(«;4 — Ko) 

yi+l,Li)yi,L3 



K2 — «0 

(^yi.il) (3^1+1,^2) 



VL3 + 

Ci+lCi+2VL3 + 
3'i+l,Ll3'i,L3 



3'i+l,-tl 



(k2 — Ko)(«;4 + Ko) 

3^i+l,il 



Ci+lCi+2WZ,2 
CiCi+2VL2 

CiCi+lVLs 

CiCi+2VLs 



K4 — K2 
1 



Vl. + 



K2 + Ko 

yi,Liyi+l,L2 
K4 + K2 

1 



(K2 + /to)(K4 + Ko), 
Ci+lCi+2VLe 

CiCi+lVLi + {yi,Liyi+l,L2yi,Li)VL^- 



yi,Z,l3^»,£2 

{K2 — KqY {ka — Ko) (K2 + Ko)^(K4 + Ko) K4 — K2 

1 1 \ 

CiCi+\VL2 



VL2 



- /t|)(/t4 - Ko) (k^ - k|)(K4 + Kg) 
-1 1 



(k^ - k|)(K4 + Ko) (k^ - k|)(K4 - Ko) 
1 1 



Ci+lCi+2VL2 

i_ yi,Liyi,L2 

(ko — K2)^(K4 + Ko) (K2 + Ko)^(K4 — Ko) K4 + K2 

3^1, L2 yi,L2 



CiCi+2VL2 



(ko — K2)(k4 — kg) (k4 — K2)(K2 — Ko) 

—yi,L2 y»,£2 



VLi 



(K2 + Ko)(K4 + Ko) (K4 - K2)(ko + K2) 

3^i,i2 yi,L2 



(k2 + Ko)(k4 — Ko) (k4 + K2)(ko + K2) 

3'<,i2 , yi,L2 



(ko - K2)(ko + K4) (K4 + K2)(ko - K2) 



yi+l,L2 



(ko — K2)(K4 — K2) 
3^i+l,i2 



yi+l,L2 



(K2 + Ko)(k4 — K2 
3'i+l,il3^i,L4 



Ko — K2 

yi,L2yi+l,Li 



K4 — Ko 



+ 

VL3 + 



Ci+lCi+2VL4 + 

yi+l,Liyi,L4 
K2 + Ko 

yi,L2yi+l,Li 
K4 + Ko 



(ko — K2)(K4 + K2) 

3^<+l,i2 



CiCi+lVLi 

Ci+lCi+2VLi 

CiCi+2VLi 

CiCi+lVLi 

CiCi+2VLi + 



(K2 + Ko)(K4 + K2) 
Ci+lCi+2Vi5 

CiCi+lVL3 + {yi,L2yi+\,L-i^yi,L3) Vl^. 
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SiSi+lSiVLi, = Si+iSiSi+iVL3 = 7 r^T r + 7 ; rjp ; r H I VL3 



1 1 



(k| - Ko)(«2 - «4) (kI - Ko)(«:4 + K2) 

1 



f =1 

f I 

\ (K4 - Ko)^ 



K4 + K2) [Ki - K^){K2 - K4,) J 

( I ^ + 7 i T27 T "I ; ) CiCi+2VL3 

(K4 + Kl) \Ka + Ko) (K2 - /t4) Ko + K2 / 

^ y»,^3 I y^.J^a A 

\(K4 — Ko)(k2 - K4) («2 - Ko)(«:o - t4)/ 

\ (k4 + k;o)(k4 + K2) (k2 - K;o)(to + K4) / 

V(/t4 + Ko)(k2 - Ha) (ko + K2)(«:o + K4) / ^'+^'^'+^''^6 
V (K4 - K;o)(K2 + /t4) (ko + /t2)(/t0 - K4) / '^^'^'+^^^6 

3^i+i,L3 ^ , f yi+i.L-i \ 

WLi + 7 77 ; 7 CiCi+WL-i 



(/t4 — Ko)(«2 - Ko) / \(k4,- K())(ko + «2) 

' Ci+lCi+2VLi + I 7 ; 77 ; 7 I CiCi+2VLi 



(K4 + K())(k2 - «o)y ^ V (''^^ + /to)(«0 + «2) 

D^i+l,i3yi,il \ , I yi+l,L3yi,Li\ 

' 1^1,2 + — Ci+lCi+2VL2 



K,4 — KO J \ K4 + Ko 

3^1,^3 3^i + l,L6 \ , f yi,L3yi+l,L^ I , N 

h^is + — Cid+lVLa + {yi,L3yi+l,Lfiyi,L3)VLi- 

K2 — K4 J \ K4 + K2 



, 1 , 1 , yi,L^yi,L, '\ 

SiSi+lSiVL^ = Si + lSiSi+lVL^ = rjr 7 + 7 ; — ; 7 ^ 2. 

\{K4 — K2)''(Ko — K4) (K4 + K2y{K4 + Ko) Kq — K,2 J 

1 1 \ ^^^^^^ 

{k\ - k|)(K4 + Ko) (k| - Ki)(Ko - K4) / '^'+l'^'+2"^4 

1,1, yi,L^yi,L^ 



^(K4 — K2)^(K4 + Ko) (K4 + K2)^(ko — K4) Ko + K2 

+ 7 6-^^ 7 VL. 



CiCi+2VLi 



(K4 — K2)(ko — K4) (ko — K2)(K2 — K4) 

(K4 + K2)(K4 + Ko) (ko - K2)(K2 + K4) 

yi,Li yi,L4 

(K4 + K2)(ko — K4) (ko + K2)(k2 + K4) 

3^i,Z>4 , yi,L4 



Ci+lCi+2VL5 
CiCi+2VL5 



V (K4 - K2)(ko + K4) (ko + K2)(K2 - K4) 

, / 3^i+l,i4 \ , / yi+l,L4 , 
+ 7 77 7 )VL2+[ 7 77 ; 7 CiCi+lVL2 



(K4 — K2)(ko — K2) / V i'^i ~ K2)(ko + K2) 

3^1+1,^4 \ , f yi+l,Li , 

Ci+iCi+2VL2 + 7 ; 77 ; 7 CiCi+2VL2 



(k4 + K2)(ko — K2)y ^ V (^^4 + K2)(ko + K2 

, , yi+l,Liyi,L2 \ , ( yi+l,L4,yi,L2 \ 
+ — — ]VLi + [ — Ci+lCi+2VLi 



K4 — K2 / V K4 + K2 

, / 3'i,L43'i+l,L6 \ , I yi,L4yi+l,L5 \ , n 

+ — ^^—^ h^ie + — CiCi+lVLe + {yi,L4yi+l,L5yi,LjVL3- 

\ Ko — K4 / V K4 + Ko 
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SiSi+lSiVL^ = Si+lSiSi+lVL^ 



■ + 



+ 



(K4 — K2)^(kO — K2) ' (K4 + K2)^(/t2 + /to) ' Ko — K4, 
1 1 



+ 



+ 



SiSi+lSiVLe = Si+lSiSi+lVLe 



+ 



+ 



+ 



(/v| - K;|)(fvO - K2) (kI - k1)(k2 + Ko) 



-1 



+ ■ 



{kI - kI){K2 + Ko) {kI - kI){K0 - K2) 

1 1 

+ ■ 



{K4 — K2)^{K2 + Ko) {K4 + K2)^{ko — K2) Ko + K4, 

3^1, is Vi.La 



CiCi+2VLs 



(K2 — K4)(ko — K2) {ko — K4)(k4 — K2] 

yi,L5 I yj.La 



+ ■ 



{K4 + K2){K2 + Ko) {ko — K4){K2 + K4) 

yi,L5 yj.Ls 



{K4 + K2){ko — K2) (ko + K4)(k2 + K4) 

yi,LQ . yi,L^ 



+ ■ 



{K2 — K4){ko + K2) {kq -'r K4){K4 — K2) 



3^1+1, L5 



{K2 — K4){ko — K4) 



(k4 + K2)(k() - K4) 

{yi+i,L^){yt.Ls) 



K2 — K4 
(>',:. LrJlJi + LL^i) 



VLe + 

Ci+lCi+2VLe + 

VL3 + 



yr 



+ l,-C-5 



(k4 - K2){ko + K2) 



(/v4 + K2){ko + /t4 
(iyi+l,i5)(3'i,L6) 



CiCi+lVLi 

Ci+lCi+2VLi 

CiC4+2VL4 

CiCi+lVLe 

CiCi+2VLe 



Ko — K2 
1 



VLo + 



K4 + K2 

iy^,L„){y,+L.Li) 

K2 + Ko 



Ci+lCi+2VL3 
CiCi+lVLe + {yi,Lzyi+l,Liyi,L-2 



^ ^ yi,L^yi,L3 

(/to — /t4)^(/t2 — Ko) ^ (/to + /t4)^(/t2 + Ko) ^ K2 — K4 
1 1 



Vie 



(/tg - /t|)(/t2 - /to) (Kq - «4)('«2 + to) 

-1 1 



+ ■ 



[kI - k'1){K2 + Ko) (/to - /t|)(/t2 - /to) 
1 1 



I yijLQyijL^ 

(/Co — /C4)^(/t2 + /to) (/t4 + /to)^(/C2 — /to) /t2 + /t4 

yi,LQ I yi,LQ 



CiCi+2VLe 



+ ■ 



(k() - K4)(k2 - Ko) (/t2 - /t4)(/t4 — Ko) 



Via 



(/t4 + /to)(/t2 + /to) (/C2 — /t4)(/tO + /t4) 



(avO + «4)(K2 — Ko) (^2 + K4)(/^0 + 1^4] 



+ ■ 



(k() - K4)(k() + K2) (k2 + K4)(K4 — Ko) 



yi+i,Le 



(ko — K4)(k2 — K4) 
yi+l,Le 



yr 



+ l,-£.6 



(ko + K4)(K2 — K4) 



Ko — K4 
' yi,LQyi+l,L3 
, K2 — Ko 



Ci+lCi+2VL5 + 
yi+l,Leyi,L5 



(k() - K4)(k2 + K4) 

yi+l,Le 



Ci+lCi+2VL3 
CiCi+2VL3 

CiCi+2VL^ 



Ko + K4 

{yi,Le){yi+i,L3) 

K2 + Ko 



(ko + /t4)(/t2 + K4) 
Ci+lCi+2VL4 



ciCi+iVLi + iyi,Leyi+i,L3yi,Le) 
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i + \ 




i + 2 



Figure 7. Case 6 
Case 6: Let L be as in Figure [T] Then 

□ 

Now define an ^(d)-niodule H^/^ to be X^i^jes,, 4'w^ic{L)) where i is a fixed standard filhng 
of the shifted skew shape A//x and £{c{L)) — £(c(Li)) ® • • • ® C{c{Ld)) is an irreducible A{d) 
submodule of Cl{d)vL introduced in section [331 

Proposition 5.1.2. The A{d)-module iJ^/^ is a Hc^{d) -module. 

Proof. Let cvl e H^^f^. Then {(f)i - Si{xf - x^^-f^))cvL G H^/^^. Note that ^iC-Wi = ''^c(j)iVL = k'^'cVg^L 
where ^'c = SiCSi denotes the Clifford element twisted by Si. This clement is in iJ-^/^ because the 
twisting of the Clifford element c by Si is compatible with the permutation of the zero eigenvalues 
of the x'jS by s^. Thus Si{x^ — xf^i)cvL — k'siCVL & H'^^^. Since by construction (a;| — a:f+i)wL ^ 
by construction, Sicv^ & H-^/^ . □ 

Theorem 5.1.3. For each shifted skew shape A//^, H^/^^ is an irreducible Ti^^ (d) -module. Every 
irreducible, calibrated Ti,^^ (d) -module is isomorphic to exactly one such H^/i". 

Proof. First to show that H^^'f^^ is irreducible. Let L be a standard tableaux of shape A//i. Let A'' 
be a non-zero submodule of i/-^/^ and let v — 'SqCqVq € N he non-zero where Cq G Cl{d). Let L 
be a standard tableaux such that 7^ 0. If P 7^ i then there exists an i such that XiVp ^ XiVL- 
Suppose yp 7^ 0. Then v no longer has a vp term but still has a vl term. This element is 

also in N. Iterating this process it is clear that vl E N. The set of tableaux is identified with an 
interval of Sn under the Bruhat order. The minimal element is the column reading C. Thus there 
exists a chain C < Si-^C < ■ ■ ■ < Si^ ■ ■ ■ Si-^C — L. Therefore r^^ • • • Ti^v^ = nvc for some non-zero 
complex number k. This implies vc G N. Now let Q be an arbitrary standard tableaux of A///. 
There is a chain C < Sj-^C < ■ ■ ■ < Sj^ ■ ■ ■ Sj-^C = Q. Then Tj^ ■ ■ ■ tj-^vc = k'vq for some non-zero 
complex number k'. Thus vq € N so N ^ H^/^. 

It is clear by looking at the eigenvalues that if A/^ 7^ A'//^', then iJ-^/^ 7^ . 

Next to show that the weight of a calibrated module M is obtained by reading the contents of a 
shifted skew shape via a standard filling. That is, if (ti, . . . , td) be such a weight, then it is necessary 
to show that it is equal to (c(Li), . . . , c{Ld)) for some standard tableaux L. It will be shown that 
if ti = tj for some i < j, then there exists k, I such that i < k < I < j such that tk = ti ± 1 and 
ti = ti ^ 1 unless ti = tj = in which case there is a fc with i < k < j such that tk = I. 

Let j > i he such that tj — ti and j — i is minimal, let mt G M he anonzero vector of weight 
t = {ti, . . . ,td), and let Qi ~ ^ qiti). The proof will be by induction on j — i. 
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Case 1: Suppose j ~ i — 1. 

First the case that U ~ 0. If U — 0, then i^+i = by assumption and then XiSinrit — —mt — 
CiCi+init. It is clear that — mt — QCi+imt 7^ 0. Otherwise, mt = —CiCi^imt which imphes after 
muhiplying both sides by CiCi+i that mt — —mt giving mt — 0. Thus xfsimt — but XiSimt 7^ 0. 
Similarly, xfj^iSiint — 0, but Xi^iSimt 7^ 0. Clearly (xj — Qj)simt — for j ^ + Thus if ti = 0, 
then Simt € M^™, but not in A/jContradicting the assumption that M is calibrated. 

Now assume ti ^ 0. Then, s^mt — ^CiCi+imt £ Mf°" but not in Mj. To see this, calculate: 

1 ^ 1 

Xi(Simt - —CiCi+imt) = Ustmt - -c,,c,+imt - mt. 
2Qi 2 

This implies {xi - Qi){simt - j^c^Ci+imt) = -mt ^ and [x^ - QiY{simt - ^^-CjCj+iTOt) = 0. 
Similarly, {x^+i - Qi+i){simt - -^CiCi+imt) = TOj 7^ and {x^+i - ft+i)^(siTOt - -^aCt+imt) = 0. 
li j ^ i,i + 1, then {xj — Qj){simt — ^CiCi+imt) = 0. Thus Simt — ^CiCi+imt E Mf"" but not in 
Mt verifying case 1. 
Case 2: Suppose j — i — 2. 

Since mt is a weight vector, the vector 

ms,t = 4'i'mt = (ft - - (ft - Qi+i)ciCi+imt + (gi + ft+i)™* 

is a weight vector of weight t' = s^t. Then t'j^_^^ = t^_|_2- By case 1, this is impossible so m^-t = 0. 
Note that ft + ft+i =/= 0. If it did, then ms-t = which would imply CiCi^imt — which would imply 
mt = 0. Thus, s,mt = + . Since s^m^ = m^, it follows that to* = (- 2(g.+g.+iK 

This implies 2{gi + ft+i) = (ft — ft+i)^- The solutions of this equation are 



ft+i e {±V(iz + + 2),±^{u - 

Since it is assumed that the positive square root is taken, there are only two subcases to investigate. 
For the first subcase, assume gi-^-l = ^ q{ti + 1). A routine calculation gives 

-Stmt CiCi+2Simt Ci+iCi+2S.imt Cid+iSimt 



SiSi+iSimt 



(ft - ft+i)^ ft+i - ft ft - ft+i (ft + ft+i! 



2 ■ 



From this it follows that the coefficient of m* is -, — vt + -, — r-^ — . Similarly, from 

-Sj+imt CiCi+2St+imt , CiCi+iSi+imt Ci+ic^+2Si+imt 

Si+iSiSi+imt = 7 H 1 -, ; TTj— 

(ft-ft+ij ft - ft+i gi+i-gi (ft + ft+ij 

it follows that the coefficient of is (g-S^^.^^yi + (g-+g.^^i):< • Therefore (ft — ft;+i)"^ + (ft + ft+i)^ = 0. 
Recalling that g-i+i = \/q{ti + 1) in this subcase, it is clear that ti = ti+2 = and t^+i = 1. The 
other subcase is similar. 

Now for the induction step. Assume j — i > 2. If tj-i 7^ tj ± 1, then the vector (pj^imt is a 
non-zero weight vector of weight t' = Sj^it by [24], Lemma 14.8.1]. Since t'^ = ti — tj — the 
induction hypothesis may be applied to conclude that there exists k and I with i<k<l<j — 1 
such that t'l^ — tjzLl and t[ — tj =F 1. (In the case ti = tj — 0, then there exists t'^. — 1.) This implies 
tk — tj ±1 and ti = tj =F 1. (In the case ti = tj = 0, there exists tk = 1.) Similarly, if i^+i 7^ ± 1, 
consider (j)imt and proceed by induction. Otherwise, i^+i = ti ±1 and tj^i = ti ±1. Since i and j 
are chosen such that ti = tj and j — i is minimal, t^+i 7^ ij-i- This then gives the conclusion. (If 
ti = tj = 0, then ti+i = 1 or tj^i — 1. 
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Suppose M is an irreducible, calibrated Tigf ((i)-module such that rrit is a weight vector with 
weight t — {ti, . . . ,td) such that U+i = ti±l. Then 4>imt = 0. This follows exactly as in step 5 of 
[351 Theorem 4.1]. 

Finally, let rrit be a non-zero weight vector of an irreducible, calibrated module M. By the above, 
t = (c(Li), . . . , c{Ld)) for L some standard tableaux of shifted skew shape X/fi. The rest of the proof 
follows as in step 6 of [331 Theorem 4.1]. Choose a word w = ■ ■ ■ Si^ such that w applied to the 
column reading tableaux of A/// gives the tableaux L. Then mc = ■ ■ ■ 4>iprnt is non-zero. Now 
to any other standard tableaux Q of X/^ there is a non-zero weight vector obtained by applying 
a sequence of intertwiners to nic- By the above, (jiiniQ = if SiQ is not standard. Thus the span 
of vectors {jTig} over all the standard tableaux of shape A//i is a submodule of M. Since M is 
irreducible, this span must be the entire module. Thus there is an isomorphism M ^ i/-^/^ defined 
by sending (f'w'mc to 4>wVc- D 

Corollary 5.1.4. Let A//i be a shifted skew shape. Then, C{\, fi) = H^/'^. 

Proof. Let T be the standard tableaux obtained by filling in the numbers 1, . . . , d along rows 
from top to bottom and left to right. Note that if Si S S\-^, then Vs^t = because SiT is not 
standard. By Frobenius reciprocity, it follows that there exists a surjective H^f (rf)-homomorphism 
/ : MiX,fi) ^ i?^/^ given by /(Ia-^) - «t. □ 

Furthermore, by construction we have the following result. Note that this agrees with Leclerc's 
conjectural formula for the calibrated simple modules of H^^{d) [27l Proposition 51]. 

Corollary 5.1.5. Let X/ fi be a shifted skew shape. Then, 

ch/:(A,A.) = ^[c(Li),...,c(i:d)], 

L 

where the sum is over all standard fillings of the shape X/ fi. 

6. The Lie Superalgebras gl{n\n) and q{n) 

6.1. The Algebras. Let / = {-n, . . . , -1, 1, . . . , n}, and /+ = {l,...,n}. Let V = C"l" be 
the 2n-dimensional vector superspace with standard basis {uijig/. The standard basis for the 
superalgebra End(F) is the set of matrix units {Eij}ij(zi, and the Z2-grading for End(V^) and V 
are given by 

p{vk) = 0, p{v-k) = 1, and p{Eij) = p{vi) + p{vj) 
for k E and i,j G /. 

Let C = J2i ~ Ei^^j), and let Q{V) C End(V^) be the supercentralizer of C. Then, 

Q{V) has basis given by elements 

eij = Eij + E^i^^j, and fij = E^ij + Ei^^j i,j € /+. 

When Q{V) and End(F) are viewed as Lie superalgebras relative to the superbracket: 

for homogeneous x,y E End(V^), we denote them q(n) and g[(n|n) respectively. 



38 



DAVID HILL, JONATHAN R. KUJAWA, AND JOSHUA SUSSAN 



We end this section by introducing important elements of g[{n\n) that wiU be needed later. Set 
e^j = Eij - E^i^^j, and = - Ei^^j, i,j e /+. (6.1.1) 

6.2. Root Data, Category O, and Verma Modules. Fix the triangular decomposition 

q{n) = n" e f) ® n+, 

where rig" (resp. rig ) is the subalgebra spanned by the eij for 1 < i < j < n (resp. i > j), [)q is 
spanned by the en, I < i < n, (resp. rij^) is the subalgebra spanned by the for I < i < j < n 
(resp. i > j) and f)i is spanned by the fa, 1 < i < n. Let fa+ = [) ffi n+ and let = [) n~. 

The isomorphism q(ri)o ^ sK*^)! ^iji identifies [)q with the standard torus for 0t(rt). Let 

Si € ()^ denote the ith coordinate function. For i ^ j, define aij = Ei—Sj, and fix the choice of simple 
roots A — {ai = a^^i+ijl < i < n\. The corresponding root system is i? = {aij|l < i ^ j < n\, 
and the positive roots are i?+ — {a,;j|l < i < j < n}. The root lattice is Q = '^^^i '^^i ^'^d weight 

lattice P = We can, and wiU, identify P = Z", and Q = {A G P|Ai H h A„ 0}. 

Define the sets of weights P+, P^^ , ^ratJ ^poiy ^^'^ ^>o i'^ ^4.21 We call these sets dominant, 
dominant- typical, rational, polynomial, and positive, respectively. Finally, let P^^ — Pj-^t ^ : 

To begin, let O :~ 0{q{n)) denote the category of all finitely generated q(n)-supermodulcs M 
that are locally finite dimensional over b and satisfy 

M = Ah 

\eP 

where M\ — {v ^ M \ h.v — X{h)v for all ft. G f)o } is the A-weight space of M. 

We now define two classes of Verma modules. To this end, given X E P, let Ca be the 1- 
dimensional f)Q-module associated to the weight A. Let 9\ : t)i C he given by 9\{k) — X{[k,k]) 



for all k £ 1)1. Let i)j ~ keid. Let U{1}) — U{l})/\, where i is the left ideal of [/(()) generated 
hy {h — X{h) I he f)o } U f)j. Recah, 70(A) = \{i \ Xi — 0}|. Since U{t)) is isomorphic to a 
Clifford algebra of rank n — 70(A), we can define the iY(f))-modules C(A) and E{X) where C(A) is 
the regular representation of the resulting Clifford algebra and £'(A) is its unique irreducible quo- 
tient. Both C(A) and E{X) become modules for U{t)) via inflation through the canonical projection 
U(l)) U{\)). Note that as a Z^(())-module, C(A) ^ Ind"|[^^^^,^ Ca. Extend C(A) and £:(A) to 
representations of Z-/(b+) by inflation, and deflne the Big Verma M(A) and Little Verma A/(A) by 

M(A)=Ind;:;[:i"»C(A) and M{X) ^ Ind'i^lH^^^ E{X). 

The following lemma is obtained from the standard decomposition of the Clifford algebra into 
irreducible modules: 

"-TO(A) 

Lemma 6.2.1. We have M(A) 9i M{X)®^ ' 

It is known that Af(A) has a unique irreducible quotient L{X) (see, for example, [15]). Moreover, 
it is known L{X) is flnite dimensional if, and only if, A e P^^^ (see |32j). 

The following lemma seems standard, but we cannot find it stated in the literature. See [151 
Corollary 7.1, 11.6] for related statements. If AI is a Z//(q)-module, then recall that a vector m G AI 
is called primitive if n'^v = 0. 
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Lemma 6.2.2. Let A G P, and assume that for some a G , there exists r > such that 
SaX — \ — ra. Then, there exists an injective homomorphism 

M(s„A) M{X). 

Proof. Let a = aij, and let v\ G M{X)\ be an odd primitive vector. Then, direct calculation 
verifies that 

{e]i^{rf]t - ej.,{f^, - fjj)).vx 
is a primitive vector of weight X — ra (see, for example |15l Corollary 7.1]). This implies that there 
is an injective Z//(b+)-homoniorphism 

Indeed, clearly every vector uiU{b)).v\^ra has weight A— ra. Moreover, if G U{a^) and H G Z^(f)), 
then [N,H] GU{n+), so 

N.iH.Vx^rc.) = {HN+[N,H]).VX-ra = 0. 

The result follows because, by our choice of primitive vector, a standard argument using the fil- 
tration of U{q{n)) by total degree and a calculation in [/(q(2) shows that U{b~) free 
Z-/(n^)-module. □ 

6.3. The Shapovalov Form. The Shapovalov map for q{n) was constructed in [15]. We review 
this construction briefly. 

Let V be the category of = — Q+-graded q(n)-modules with degree with respect to this grad- 
ing. We regard the big and little Verma's as objects in this category by declaring deg M(A)a-i/ — —v 
for all V G . Let C be the category of left f)-modules. 

Let 4*0 : P ^ C be the functor \E'o(A^) — Nq (i.e. the degree component). The functor 
has a left adjoint Ind : C ^ V given by Ind A = Ind^'^"^ A, where we regard the ()-module A as a 
&+-module by inflation. The functor 'So also has an exact right adjoint Coind (see [151 Proposition 
4.3]). 

As in [15], let Q{A) : Ind A Coind A be the morphism corresponding to the identity map 
idA : A —^ A. This induces a morphism of functors Q : Ind Coind. The main property we will 
use is 

Theorem 6.3.1. [15l Proposition 4.4] We have ker0(yl) is the maximal graded suhmodule of Ind A 
which avoids A. 

Define the Shapovalov map S :— 6(W(f))) : Ind(Zi(f))) — > Coind(W(f))). Given an object A in 
C, proposition 4.3 of [15] shows there is a canonical isomorphism Ind A = IndZ^(l)) ®u{i)) ^ and 
Coind A = GoinAU{\)) ®u{t)) ^- this way, we may identify Q{A) with Q{U{^)) ®u(i)) idyl- It 
follows that the map Q{A) is completely determined by the Shapovalov map. 

In order to describe S in more detail, we introduce some auxiliary data. Let <j : ZY(q(n)) — > 
Zi(q(n)) be the antiautomorphism defined by <;(x) = —x for all x G q(n) and extended to U{c[{n)) 
by the rule <,{xy) = {—lY'^^^P'^y\{y)<;{x) for x,y € hl{q{n)). Also, define the Harish-Chandra 
projection HC : hl{q{n)) W(f)) along the decomposition 

U{q{n)) ^ U{t)) © {U{q{n))n+ + n-U{q{n))). 
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Now, we may naturally identify lndU{i)) ^ U{b ) as (b , [))-bimodules. The Q -grading on 
U{b'^) is given by 

U{b-)-^ ^{xeU{b-) I [h,x] = for all heljo} (6.3.1) 

for all 1^ e Q+. 

To describe CoindW([}), let I?+ be the category of graded submodules and Ind+ be the 
left adjoint to the functor "if^ : C P+. We may naturally identify Ind+Z/^([}) = U{b'^) as 
(b+, [})-bimodules and W(b+) has a (5+-grading analogous to (|6.3.ip . Now, let U{i)Y be the (f), t))- 
bimodule obtained by twisting the action of t) with That is, h.x = (;{h)x and x.h ~ 

(^-lyWpi^) rc,;{h) for all X £ U{i)Y and h£i). Then, there is a natural identification of CoindZ//([)) 
with the graded dual of Z^(b+) as {UQ,Ut)) -bimodules: 

GomdUil))^Uib+)* := Homc(Z^(6+).,Z^(f))'^), 

see [m Proposition 4. 3(iii)]. Observe that ZY(b+)* has a grading given by W(b"'")*^ = Honic(Z^(&'^),y,ZY(f))'"). 
Using these identifications, we realize the Shapovalov map via the formula: 

S{x)iy) = i-ir^^'^P^y^HC{,{y)x), 

for X e U{c\{n)) and y G U{q{n)), [15, §4.2.4, Claim 3]. 

The Shapovalov map is homogeneous of degree 0. Therefore, S — J2v&q+ ^i^^ where 5',^ : 
U{b^)-y U{b^)'^^ is given by restriction. 

For our purposes, it is more convenient to introduce a bilinear form 

with the property that Rad(-, •)5 = kerS*. To do this we introduce the (non-super) transpose 
antiautomorphism t : U{q{n)) U{q{n)) given by t{x) = a;* if x G q{n) and extend to U{q{n)) by 
T{xy) = T{y)T{x). Note that this is the "naive" antiautomorphism introduced in |15j . Define (•, ■)s 

by 

[u,v)s - (-l)f(")^'('')S'(w)(crT(u)) = HC{t{u)v) 

for all u,v £ U{q{n)). 

Proposition 6.3.2. The radical of the form may be identified as: Rad(-, ■)s — ker5. 

Proof. Assume u £ ker S and v £ U{b^). Then, t{v) £ Z^(b+) and 

{t<;{v),u)s = (-l)P(")f(^)5(M)(<;rT<j(w)) = (-l)f(")P(")S'(u)(w) = 0, 

showing that u £ Rad(-, ■)s- 

Conversely, assume u £ Rad(-, •)s and v £ U{b^). Then, t<;(u) £ U{b~) and 

= {t<;{v),u)s ^ (-l)P(")P('')5(w)(crT<;(w)) ^ (-l)P(")P(")S'(ii)(v). 

Hence, u £ Ker S. □ 

Remark 6.3.3. We have already defined r to be an antiautomorphism of the AHCA. We will show 
the compatibility of the two anti- automorphisms in Proposition \7.4-M 
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7. A Lie-Theoretic construction of Hofid) 

Let X be a q(n)-superniodule. In this section we construct a homomorphism of superalgebras 

Hgf(d)^End,(„)(X®l/«'^) 

along the hnes of Arakawa and Suzuki, [1]. The main difhculty is the lack of an even invariant 
bilinear form, and consequently, a lack of a suitable Casimir element in q{n)®'^ . However, we find 
inspiration for a suitable substitute in Olshanski's work in the quantum setting |30j . 

7.1. Lie Bialgebra structures on q(n). We begin by reviewing the construction of a Manin 
triple for q(n) from [30] (see also [l2])- A Manin triple (p,pi,p2) consists of a Lie superalgebra p, a 
nondegenerate even invariant bilinear symmetric form B and two subalgebras pi and p2 which are 
_B-isotropic transversal subspaces of p. Then, B defines a nondegenerate pairing between pi and 

Define a cobracket A : pi — > pf ^ by dualizing the bracket pf^ p2'- 

B^^{A{X),Yi ® Y2) = B{X, [Fi, Fa]), (A e Pi). 

Then, the pair (pi. A) is called a Lie (super)bialgebra. 

Choose a basis {Xa} for pi and a basis {Yq} for p2 such that B{Xa,Yi3) — Sap, and set s — 
J2a ^ Then, it turns out that s satisfies the classical Yang-Baxter equation 

and A(A) = [1 ® A + A ® 1, s], for A e pi. 

7.2. The Super Casimir. Note that when p = g is a simple Lie algebra, pi = b+, p2 = &- are the 
positive and negative Borel subalgebras and B is the trace form, s becomes the classical r-matrix, 
which we will denote r^^. We can repeat this construction with the roles of pi and p2 reversed and 
obtain another classical r-matrix which we denote r^^. Then, the Casimir is simply = r^^ -I- r'^^, 
see [1] §L2. 

In [3^, Olshanski constructs such an element s for p = gl{n\n), pi = q{n) and some fixed choice 
of p2 analogous to a positive Borel. We will review this construction to obtain an element which we 
will call s+, then replace p2 with an analogue of a negative Borel to obtain another element called 
s_. Then, we show that the element 17 = s+ + s_ performs the role of the Casimir in our setting. 

Definition 7.2.1. Let p ~ Ql{n\n), B{x,y) — str(x?/) (where str(i?y ) — dijSgn{i) for i,j e I), and 
pi = q{n). 

(1) Let 

Then the corresponding element 5+ is given by 
s+ = i ^ (g) + ^ eij®Eji- ^ eij (g> E^j^^^ - ^ fij®E_j^i. 

i,j<^I+ 

i>j i<j 
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(2) Let 

i>j 

Then, the corresponding element s_ is given by 

s_ = i ^ «) en - ^ (g) E_j,^i + ^ e^- (g) i^j^^ + ^ /, 
ije/+ ije/+ 

i>3 i<j 

We now define our substitute Casimir: 

n = s+ + s^= ^ e^j^ej,- J2 /^j'X'/j^ e Q(^)®End(l^), (7.2.1) 

where and are given in (|6.1.ip . 

7.3. Classical Sergeev Duality. We now need to recall Sergeev's duality between S{d) and c{{n). 
Recall the matrix C = J2iei+ fa from the previous section, and define the superpermutation 
operator 

where sgn(j) is the sign of j. Let tTi : End(y) End(l/)'*'' be given by tTi^x) = l"^'-! (g x(g i(S>d-i 
for all X e End(F) and i = 1, . . . , d; similarly, define tt^ : End(V^)®2 ^ End(y)«"^ by 7r,j(x ® y) = 
X ® (g) y ® If^'i-i. Set C, = 7r,(C) and, for 1 < i < j < d, set 5^- = 7r,j(5). Then, 

Theorem 7.3.1. |4H Theorem 3] The map which sends Ci 1-^ Ci and Si 1— > S'i.i+i is an isomorphism 
of superalgebras 

5(d) -> End, („)(T/«'^). 

7.4. Tigf ((i)-action. Let M be a q(n)-supermodule. In this section we construct an action of 
T-L^{d) on M ® F'*'^ that commutes with the action of q(n). To this end, extend the map Hi from 
gL3]to a map tt, : End(y) ^ End(F)®'^+i so that 7rj(x) = g) x (g) 1®''-^ for a; G End(T/) and 
i = 0, . . . , d (i.e. add a 0th tensor place); similarly, extend Tr^j. 

Define Ci and S'ij as in ii7.3l Define 

i^ij — T^iji^) < i < j < d 
and set Xi = iloi + Z]i<i<i(l " CjCi)Sji. 

Theorem 7.4.1. Lef M be a q(n)-supermodule. Then, the map which sends Ci^ Ci, »S'i,i+i 
and Xi I— > Xi defines a homomorphism 

Hgf(d)->End,(„)(M®F®''). 

Proof. It is clear from Theorem 17.3.11 that the Ci and Si^i+i form a copy of the Sergeev algebra 
S{d) inside Endq(„)(M (g) F'^'^) via the obvious embedding Endq(„) (F^'') Endq(„)(M (g V'^'^), 
A ^ idM (E) A. Moreover, for i = 1, . . . , d, X, e End(M (g V'^'^), since X, e Q(n) (g End(F)^''. 
Therefore it is enough to check the following properties: 

(a) The Xi satisfy the mixed relations p.l.4p and (|3.1.5p . 

(b) X,Xj - XjX, = 0, and 
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(c) the Xi commute with the action of q(rt) on M ® y^"*. 
First, we check that ^ C) — —(1 ® C)Q.. To do this, a calculation shows that Ccji ~ and 
Cjji = /jiC. Hence, 

(1 (g) C)(ey ® Ej,) = -(cy (g) eji){l C) 

and 

so the result follows since — 0. Next, it is easy to see that SifloiSi = fli+i using (|2.0.ip . 
Therefore, (a) follows from the definition of Xi. It is now easy to show that, for i < j, (b) is 
equivalent to 

This equality is then a direct calculation. Finally, to verify (c), it is enough to show that for any 
X e q(n), 

This is another routine calculation using (|2.0.ip . □ 

Now, recall the "naive" antiautomorphism r : U{q{n)) U(q{n)). This extends to an anti- 
automorphism of U{gl{n\n)). Extend r to an antiautomorphism of U {gl{n\n))^^ by t{x y) — 
{—iy^^^T{x) (g) T(y). By induction, extend r to an antiautomorphism of h({Ql{n\n))^'' by t{xi (g) 
• • • (g Xk) — (— l)P^^^-'r(xi) (g) t{x2 (gi • • • (g) Xk). A direct check verifies the following result. 

Proposition 7.4.2. We have that T{Ci) — —Ci, T{Si^i+i) — Si,i+i and T{Xi) — Xi for all admis- 
sible i's. In particular, the antiautomorphism t^'^'^^ ; h([Q[(n\n))®'^'^^ lA{Q[{n\n))®'^'^^ coincides 
with the antiautomorphism t : TU^ (d) TLqI (d) . 

7.5. The Functor F\. In the previous section, we showed that there is a homomorphism from 
Hgf (d) to Endq(„)(Af(8)y»''). Since the action of Hgf (d) on M(g)F'^'^ commutes with the action of 
q(n), it preserves both primitive vectors and weight spaces. By primitive vector we mean an element 
of M (g) y®'^ which is annihilated by the subalgebra n+ given by the triangular decomposition of 
q(n) as in Section [Ol Therefore, given a weight A G P{M (g) y®'*) we have an action of H^^id) on 

FxM := {meM® V'^'^ \ n+.m = and m e {M (g) V^"^) ^} (7.5.1) 

In the case when A G we can provide alternative descriptions of the functor Fx. First 

we recall the following key result of Penkov [35]. Given a weight A G P, we write xa for the 
central character defined by the simple q(n)-module of highest weight A. Then, there is a block 
decomposition 

0(q(„))=0o(c,(„))W (7.5.2) 
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where the sum is over all central characters xx and 0(q(7i))['^l = 0{c\{n))^^^^ denotes the block 
determined by the central character xx- Given N in C'(q(n)), let N^^''^ — N^'^^ denote the projection 
of N onto the direct summand which lies in C'(q(n))[^^l 

The question then becomes to describe when xx — Xp, for A, /i G P. This is answered in the case 
when A is typical by the following result of Penkov [32 . Recall that the symmetric group acts on 
P by permuation of coordinates. 

Proposition 7.5.1. Let A G be a typical weight and let fj, £ P. Then xx = '/ '^^'^ onZt/ if 

ji = w{\) for some w G S'„. 

For short we call a weight X £ P atypical if it is not typical. By the description of the blocks 
0{q{n))^^\ if is an object of 0{q{n))^^^ then A is typical if and only if /i is typical (c.f. [5H 
Proposition 1.1] and the remarks which follow it). We then have the following preparatory lemma. 

Lemma 7.5.2. Let A,7 G P. Then the following statements hold: 

(i) Assume 7 is atypical and A is typical. If N is an object of 0^'^\ then N\ = [n^ N)\. 

(ii) Assume A,7 G P^^ are typical and dominant and A 7^ 7. If N is an object of 0^'^\ then 
Nx - {n-N)x. 

Proof. By [H Lemma 4.5], every object C'(q(n)) has a finite Jordan-Holder series. The proof of (i) 
is by induction on the length of a composition series of N. The base case is when N has length 
one (ie. N ^ L{v) is a simple module). This case immediately follows from the fact that in order 
for N\ to be nontrivial it must be that X < v. But then it follows from the assumption that u is 
atypical (since L{v) is an object of O^^^) while A is typical. Now consider a composition series 

Nq<Z Ni<Z ■ ■■ <Z Nt = N. 

Let V G N\ so that v + Nt-i G Nt/Nt^i is nonzero. Since Nt/Nt^i is a simple module in 0^'^\ 
by the base case there exists a. w E Nt ~ N and y G so that yw + Nt^i = v + A^f_i. Thus, 
V — yw G Nt-i and is of weight A. By the inductive assumption, there exists w' G Nt^i C N and 
y' G such that y'w' — v — yw. That is, v — yw + y'w' G n~A'^. This proves the desired result. 

Now, (ii) follows by a similar argument by induction on the length of a composition series. If N 
is simple and N\ ^ 0, then A is not the highest weight of N (as 7 is the unique dominant highest 
weight among the simple modules in O^'*^ by Proposition 17. 5.T|l . From this it immediately follows 
that Nx = {n^ N)x. Now proceed by induction as in the previous paragraph. □ 

Lemma 7.5.3. Let X G P^^ be typical and dominant, and let M G O. Then 
Fx{M)^ ((Af®P^®'*)W)^?^^ [M(»V'^'^/n-{M(»V'^'^)]^ 

as 'H^{d) -modules. 

Proof. It should first be remarked that since the action of Ti^f (d) commutes with the action of 
q(n), the action of Ti^f (d) on M ® y'^'^ induces an action on each of the vector spaces given in the 
theorem. 

Now, by Proposition l7.5.T] and the assumption that A is dominant, it follows that for any module 
N G 0^^\ 7^ only if < A in the dominance order. Thus any vector of weight X\aM® V®"^ 
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is necessarily a primitive vector. On the other hand, if there is a primitive vector of weight A in 
M (g) V'^'^, then it must he in the image of a nonzero homomorphism M{X) M ® v'^'^. But as 
M(A) is an object in 0^^\ it foUows that the primitive vector hes in ((M ® T/'*'*)!^])^. Thus, there 
exists a canonical projection map 



A 



and this map is necessarily a vector space isomorphism. The fact that it is a 7i^^((i)-module 
homomorphism follows from the fact that the action of Ti^f [d) on both vector spaces is induced by 

a.Sr 



the action of on M C 

Now consider the block decomposition 

where the direct sum runs over dominant 7 G f)* so that different Xj are different central characters 
of U{2). This then induces the vector space direct sum decomposition 

(M (g) V'^'^)/n-{M ^ V^"^) = (M «) /n-{M ^ -l/^'')^^]^ 

where (M (g) y«"^)[x7] denotes the direct summand of M (g) T^**^ which lies in the block Ol'^l. 
By the previous lemma, if 7 is atypical or if 7 is typical and 7 7^ A, then 



= 0. 

A 



(M (g) t/®'')[x-'l)/n-(M g) 
Therefore, 

[(Mg)y®'')/n-(Mg)l/«^'^)]^ = (Mg)y^'')[x^Vn"(^^®"^'^'')^^'' ^- (7-5.3) 

Finally, if N is an object of 0^^\ then iV^ 7^ only if /i < A in the dominance order. Thus weight 
considerations imply [n~(Af (g = which, in turn, implies that canonical projection 



((M(gy®'^)W)^ ^ [M <E)V'^'^/n-{M (gV'^'^)] . 



is a vector space isomorphism. That is its a Tigf (d)-module homomorphism follows from the fact 
that in both cases the action is induced from the Ti^{d) action on M (g V®"^ . □ 

Corollary 7.5.4. // A G is dominant and typical, then the Junctor F\ : O ^ Ti^^{d)-mod is 

exact. 

Proof. This follows immediately from the first alternative description of F\ in the above theorem 
as it is the composition of the exact functors — g) V^"^, projection onto the direct summand lying 
in the block 0^^\ and projection onto the A weight space. □ 



In what follows when A is dominant and typical we use whichever description of Fx given in 
lemma [7.5.31 is most convenient. 
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7.6. Image of the Functor. We can now describe the image of Verma modules under the functor. 

Lemma 7.6.1. Let M(ii) be a Verma module in O and let A £ P"*""*" be a dominant and typical 
weight. The natural inclusion 

induces an isomorphism of S{d) -modules E{iJL)®{V®'^)\^f^ = Fx(M(/i)). In particular, Fx{M{fi)) = 
unless A — /i G P>o{d). 

Proof. This is proved exactly as in [H Lemma 3.3.2], except now the highest weight space of M(/i) 
is E{ii). Namely, by the tensor identity and the PBW theorem, 

M(p) ® V®'' ^ (7(0) (^uw (Ein) (E> V'^'') = U{n-) ® E{n) (g, (7.6.1) 

where the first isomorphism is as g-modulcs and the second is as (jg-modules. Thus the canonical 
projection map induces the isomorphism of f)o-modules given by 

1 (g) Eifi) ® V'^'^ 5i M(^) (g) V'^'^/n- {M{p) ® V'^'^) . 

Taking A weight spaces on both sides yields the vector space isomorphism 

1 (g) E{ij) ® {V®'^)^^^^ = [M{^i) (g) V'^'^/n- {M{p) ® V'^'^)]^. 

Now, the composition of the natural inclusion E{^l) ® {V®'^)x-t, ^ (Mifi) (g) F«"^)a with (TfXTI) . 
and the isomorphism above implies that 

Eiii) (g {V'^'^)^_^ ^ 1 (g E{n) (g (V^^'');,_^ = [M(^) (g V^'^/n- {M{^i) ® V®'^)]^ = Fx {M{fi)) , 

That it is an isomorphism of 5((i)-modules follows from the fact that in each case the action of 
S{d) is via the action induced from the action of S{d) on M{fi) (g) V'^'^. □ 

Corollary 7.6.2. Let A G be a dominant and typical weight and let ji £ P with X — fi G P>o{d). 

Set di ^ Xi — /ii for i = 1, . . . ,n. 

(i) Let M{fj,) be the little Verma module of highest weight /i. Then, 

dimFx{M{^i)) = 2'i+L(«-7o(M)+i)/2j _A 

di\ ■■■d„\ 

(ii) Let M(ii) be the big Verma module of highest weight fi. Then, 

dim Fx{M{ii)) = 2'^+"^^°('') ^' 



dil---dj.' 



Proof We have dim E{fi) = 2L("-'yo('')+i)/2J . p^^. ^^^^^i Si {i = 1, . . . ,n), dim 14, = 2. A combinato- 
rial count shows that 



dimlV^^)^ ^—^—-2^. 

The statement of (i) then follows by Lemma 17.6.11 The statement of (ii) follows from (i) and 
Lemma [^Xn □ 
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Fix A, /i G P such that X — I-J, P>o(rf), and let di ~ Xi ~ fii. Let {ui, be the standard 

basis for V, let G E{ii), and let ma-^ = wf''' «) • • • (8) G (V"®'')a-^. Finally, let 

it 

TOfe = ^ dfe, 

and define Fk = T^oUkk) (see Section [7^ . 

Lemma 7.6.3. Let € M{fi)^ be a primitive vector of weight /i, and let u — U\-^ — uf'^^ (8) 
• • • u®*^" . For each 1 < k < n and nik-i < « < rnk, 

Xi.Vf,(^ux-f^= \fik + i-mk-i -1- ^ CiCi- FkCi\ Vf^<»ux-f^ 

\ mfc_i</<i J 

modulo n_(M(/x) (g) V®'^). As a consequence, 

Xfvf_, (g> ux-i_, = {^Jik + i- mk-i - + i - mk-i)v^ ua-m: 

again modulo n-{M{p) ® V'^'^). 

Proof. We first do some preliminary calculations. Let 1 < J < ^ < be fixed, let nik-i < * < m-fc 
be fixed, and consider the vector 

(g) uf^^ (g) • • • (g) Itf ° (g) Mj- (g) wf ^ (g) • • • (g) 

where the Uj is the ith tensor and a + 6 + 1 = dfe (i.e. among the UkS, the one in the zth position, 
recalling that v^ is in the zeroth position, is replaced with Uj). For short, let us write u = 
uf^^ (g • • • u®*^" and u = 1 (g • • • (g itf ° (g (g uf' g) • • • (g u^'*". Then, 

efcj (wp g) u) = (ekjV^) g) u 

+ ^ (g uf''' (g • • • (g uf"^"^ (g Ufc (g U^'*'""'' (g • • • (g wf ° (g g) uf* (g • • • (g M^''" + (g M 
r=l 

= (efcjt;^) g) U + ^ S'mj_i+r%i(wM m) + g) U. 

Similarly, if we write -u = C^u = itf • • • g) uf w_j g) (g • • • g) , then 
/fcj («M <g u) = (/fe,f^) <g u + (-l)P(''-) X 

X ^z;^ ® uf'^i ® • • • (g uf-^ (g u_fc uf"^""" (g • • • (g (g uf- • • • (g u^''- 

r=l 

dj 

= ifkjVf,) (g U + (-l)P(''^') ^ C„,^„i+aC,S'„^_,+r,,(w^ (g It) + (-l)^'^''^)^^ (g U. 

r=l 

We can now consider the first statement of the lemma. Throughout, we write = for congruence 
modulo the subspace n_(M(/j,) (g) V'^'^). Let 1 < A: < n be fixed so that nik-i < i < riik (ie. there 
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is a Uk in the iih position of u). Using that is a primitive vector and the equahties given 
above, we deduce that 



(wp (g) itA-p) = ^ eijVf^ ® uf 



(g>dl 



5i-mi._, -1 



+ ^(1 - CiCi)Su{v^ g) u) 



efcjii^ g) 

j<fc 

+ ^(1 - CiCi)Sii(v^ g) m) 



5!-mfc_l-l 



,1 "-1 



J ^ ^ (g • • ■ <g ^^rj 



g) 



E 

j<fe 



E •S'mj_i+a,i(f^ g) «) + g) M 



+E 

j<k 



drj 



E C'"ij-l+aC'»'S'mj-l+a,i(l'n g) u) + l;^ (g) M 
a = l 

+^.kVf_, ®u - Ci {{fkkv^i) ®u) + E^-*- ^ CeCi)Su{v^ g) It) 

- E S'j.iHj, g) u - (A; - (g M + E CiCiSi.iiij, g) w + (fc - g) M 

+^fct'n g) ?i - Ci {{fkkV^) ®u) + E^-'- ^ ClCi)Su{v^ g) m) 

^t^c^'M ® ""A-M + ^^((/fefci;^,) (g UA-A.) + E (1 - Cf (7051,^(1;^ g) ii) 

mfc_l<f<i 

(/ifc + i - mfc_i - 1 - E C'iCi5'!,i (u^ g) ua-^) + Ci((/fcfci'^) g) u) 
»"fc-l<*<» / 



p.k+i- mk-1 - 1 - E ~ (^'' 



g) u) 



Note the last equahty makes use of the fact that Si^iV^ (g) u — (g) u for nik-i < I < i and that as 
(odd) Unear maps FkCi = —CiFk- 

Now we consider the second statement of the lemma. Using the previous calculation, the fact that 
Xi and the C's satisfy relation (|3.1.4p of the degenerate AHCA, and the fact that fkkVfi € M(/i)^ 
is again a primitive vector of weight ^, 
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Xf{v^ (g) ux-^) = xA Hk + i- mk-1 - 1 - ^ CfQ - FkC, {v^ 



mk-i<l<i 



mk-i<i<i 

fik + i - rrik-i - I + ^ CfCj 
X I /ife + i - mfc_i - 1 - ^ CfCi - FkCi ] (w^ (?) ux- 

mk-i<i<i 

-Ci ^ fik + i ~ mk-1 - I - ^ QC'i - i^feCj j ((/fcfcw^) «) ua-m) 

mk-i<i<i I y mk-i<i<i 

+aFkCiiifkkV^)(E)u) 

( I x\ 

^ \m,k-i<l<i I j 

= {{^lk + i - mk-i - if + {^ik+i- mk-i - 1)) u. 
The last equality follows from the fact that in the Clifford algebra 

c'^cj = (C£C',)'= Y -i = -(*-mfc_i + i) 

and that, in q(n), ~ Ckk- D 

Corollary 7.6.4. Let A G 6e a dominant typical weight, let /i G P, and let M(fi) be a 

Verma module in 0{c[{n)). Then for i — 1, . . . , d the element xf acts on Fx{M{ii)) with generalized 
eigenvalues of the form q{a) for various a ^"L. Hence, Fx{M{^)) is integral. 

As a consequence of the previous corollary we see that for A G we have that Fa {F{fJ.)) is 

integral for any simple module P(/i) in O and, therefore, 

Fa :0(qN) ^RepHgf(d). 

Proposition 7.6.5. Let A G F++ and fi e X - Pyaid). Then, Fx{M{p.)) = M{X,^). 

Proof. Let G be a nonzero vector in the 1-dimensional f)Q-module C^, let — l(g)v^ G C(/x)q 
be its image and let ux-p, be as in the prevous lemma. Then v^i^ux-f^ is a cyclic vector for F\{M{^)) 
as a Hgf (d)-module. 

Recall the cyclic vector iA,^ G M{\ fi). For 5i, . . . , G {0, 1}, let i^^' • • • fi'^ix.fj. = 1 (8) (/^i' i (8) 
• • -^ifii^i, cf. (I4A31) . 
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Note that ^/.{Vf^i^ux-^) ~ w^^ua-^ for all w G Sx-^. Comparing Lemma 17.6.31 and Proposition 
14.1.11 we deduce that, by Frobenious reciprocity, there exists a surjective Tigf ((i)-homomorphism 
M.{X, fi) F\{M{p)) sending ip\^ ■ ■ ■ (^5*"!^,^ ^ F^^ ■ ■ ■ F^'^Vf^igjUx-^. That this is an isomorphism 
follows by comparing dimensions using Lemmas 14.3.11 and 17.6.21 □ 



Corollary 7.6.6. We have 

FxM{^i) = M{x,^i)'^ 

where 



L^J */7o(a^) is even, 



Lf J ifloip) is odd. 

Proof. Using the additivity of the functor Fx, the previous proposition, and Lemmas l6.2.1l and l4.3.1l 
we obtain FxM{^) = 2"~L™*2''*' J-L t^J;V1(A,^). It is just left to observe that 

I 7o(Ai) + 1 I I -7o(m) + 1 I / ^ 
n - I 2 J " L 2 J " 

□ 

Lemma 7.6.7. Assume that A G P++, n e -P+[A], A - ^ G P>oid), and a G R+[X]. Then, 
M{X, = M{X, San). 

Proof. By Lemma |6.2.2[ there exists an injective homomorphism M(safJ-) —> M(fj,). Since ra7(/i) = 
w{safJ-), there exists an injective homomorphism 

A^(A,s„/i)"^^^ = FxM{s^fi) ^ FxMifi) = M{X,fir^''l 

Since dim A^(A, Sq/u) = dimA^(A,/i) and by Theorem 14. 4. 101 A^fA. fi) is indecomposible, it follows 
that this map is an isomorphism. □ 

Theorem 7.6.8. Assume X G P^^ and fi £ X — P>o{d). Then, A4{X, fi) has a unique maximal 
submodule 7?.(A,/i) and unique irreducible quotient C{X,fi). 

Proof There exists w G ^^[A] such that wfj. G P^[X]. By Lemma [7X71 M{X,wii) = M(X,iJL). By 
Theorem 14.4.101 M.{X,w^) has a unique maximal submodule and unique irreducible quotient, so 
the result follows. □ 

Given fi (z P, the Shapovalov form on M{fi) induces a non-degenerate q(n)-contravariant form 
on L{p), which we will denote (•, In turn wc have a non-degenerate q(ri)-contravariant form 
on L{^) (g) V^'^ given by (•, (8) (•, Observe that different weight spaces are orthogonal with 
respect to this form and different blocks of 0{q{n)) given by central characters are also orthogonal. 
Therefore, when A G P^^ is dominant and typical it follows that the bilinear form restricts to a form 
on (g) V^'^)^^^ — Fx{L{fi)), which is non-degenerate whenever it is nonzero. By Proposition 

17.4.21 this form is 7i^^((i)-contravariant. 

Similarly, Proposition 17.4.21 implies that the Shapovalov form on M(/i) induces an Ti.^(d)- 
contravariant form on A^(A, /i). Now, if A G and £ X — P>Q{d), then by Theorem 17.6.81 

A1(A, /i) posesses a unique submodule 7?,(A,/i) which is maximal among those which avoid the 
generalized (^x,ii weight space. Indeed, 

^ „ _ I to(m) + i 

n{x,f,)^n{x,fir''' ' 
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Proposition 7.6.9. Assume that X G , /i G A — P>o(c?), and Ai{X, fi) possesses a nonzero 
contravariant form (•, •). Let TZ denote the radical of this form. Then, 

Proof. First, recall that A4{X, fi) is cyclically generated by 1^,^ G M{X,fi)i^^ ^. Now, assume v G 
niX,^l) and v' G M{X,n). Then, v' = X.ix,^, for some X G Hgf (d). Moreover, t{X).v G Ti{X,n). 
Applying Lemma [3.7.11 and the definition of TZ{X, fi) we deduce that 

{v',v) = {X.ix,^,v) = {ix,^,T{X).v) = 0. 

Hence, v gTZ. □ 

Corollary 7.6.10. Gwen A G P++ and e X - P>o(d), 

7^ = 7^(A,M)®'^®M(A,/x)®2 L 2 j-fc 

/or some < fc < 2"~l-"'"''2'^ J . 

Theorem 7.6.11. Assume X G P^^ , and ii E X — P>o((i). If F\L{^) is nonzero, then 

FxLi^i)^CiX,tif' 

for some < £ < -cu{p). 

Proof. Let i(^) = L(/i)®^ ^ , so that i(^) = M(^)/i?(^) where i?(^) is the radical of the 
Shapovalov form on M{ii). Applying the functor, we see that 

FxLiii)^M{X,fi)/FxR{tJ.). 

Now, F\R{fi) = TZ. Hence, Corollarv l7.6.10l and a calculation similar to Corollary 17.6.61 gives the 
result. □ 

Proposition 7.6.12. [MJ Proposition 18.18.1] Any finite dimensional irreducible H^^ {d) -module 
is a composition factor of M{X, A — e) for some X G P^^ . 

Theorem 7.6.13. Any finite dimensional simple module for TIq^ (d) is isomorphic £(A,/i) for some 
A* G {X-e)-Q+. 

Proof. The functor F\ transforms the compostition series for M(A — e) into the compostition series 
for A^(A, A — e). It is now just left to observe that if L{fi) is a composition factor for M{X — e), 
then ^ G (A-e) - g+. □ 

7.7. Calibrated Representations Revisited. 

Theorem 7.7.1. If X, fi G Pp^iy satisfy A — ^ G P>o{d), then Fx{L{fi)) ^ and hence one has a 
simple module C{X,fi). 

Proof. The formal character of L{fj,) when ^ G Pp^iy is given by the Q-Schur function (c.f. [H]). 
There is a nondegenerate bilinear form, (•, •)p+ on the subring of symmetric functions spanned 

poly 

by Schur's Q-functions given by 

{Q\,Qt^P+ = Homq(„) (L(A),L(^)) . 

poly 
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Furthermore, the basis (/i G ^pl^iy) is an orthogonal basis. Within this subring are the skew 
Q-Schur functions Q\/^. We refer the reader to [43l[28] for details. 

Under the hypotheses of the theorem, A//i is a skew shape. Moreover, F\L{ijl) = implies that 

= Homq(„) (L(A),L(/x)® T/^'') = Y^oni{L{\), L{^i) ® L{v))®^'' . (7.7.1) 
The second equality follows from Sergeev duality which implies that as a q(n)-module 

^6-Pp+oiy(<i) 

where Ni, is the dimension of the Specht module of S{d) corresponding to v [42] , 
In terms of the bilinear form on symmetric functions, (|7.7.ip implies 

Q = {Qx,Q^.Q.) (7.7.2) 

for all V £ Pp+iy(d)- In fact (177:2)1 holds for all ly G Pp+iy since different graded summands of the 
symmetric function ring are orthogonal. However, 

where Qj^ denotes the adjoint of with respect to the form and the second equality follows from 
Qj,Qx = 2-^(^)gA/^ (cf. 28, H.8]). Thus, (177111 implies that 

(Qa/m,Q.) = 

for all V G ^p'oiy- But the Q-functions form an orthogonal basis for this subring. This implies 
Q\/^ = 0, which is not true. Hence, FxL{^) ^ 0. □ 

Arguing as in section 7 of [45 using Sergeev duality [411 [42] we obtain the following result. 

Corollary 7.7.2. Let A, /i G ^'p'oiy such that A — /i G P>Q{d). Then the group character of 
£(A,/i) is(^d) a power of 2 multiple of the skew Q-Schur function Q\/^. 

8. A Classification of Simple Modules 

In [B] [21] , it was shown that the Grothendieck group of finite dimensional integral representations 
of Ti^{d) is a module for the Kostant-Tits Z-form of the Kac-Moody Lie algebra boo- Indeed, let 
rioo be a maximal nilpotent subalgebra of boo, and let ^^^(noo) be the minimal admissible lattice 
inside the universal envelope of rioo- This lattice is spanned by Lusztig's dual canonical basis. 

Theorem 8.0.3. [241 Theorem 20.5.2] There is an isomorphism of graded Hopf algebras 

Z^i(ni)=0/^(RepH?f(d)). 

and, 

Theorem 8.0.4. [24l Theorem 21.0.4] The set B{oo) of isomorphism classes of simple Ti-ciid)- 
modules, for all d, can be given the structure of a crystal (in the sense of Kashiwara). Moreover, 
this crystal is isomorphic to Kashiwara's crystal associated to the crystal base of (rioo). 
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8.1. Quantum Groups and Shuffle Algebras. Let hr be the simple finite dimensional Lie 
algebra of type over C, and lAq{hr) the associated quantum group with Chevalley generators 
s-i, fi (i = 0, . . . , r — 1) corresponding to the labeling of the Dynkin diagram: 



'i " o o 



1 2 3 r-2r-l 

Fix a triangular decomposition br = f)r ffi ri^. Let A be the root system of hr relative to 
this decomposition, A+ the positive roots, and H — {/3o, . . . ,/3r-i} the simple roots. Let Q be the 
root lattice and Q+ = X^^^q Z>o/?i. Finally, let (•, •) denote the trace form on [)*. The Cartan 
matrix of br is then A ~ iO'ij)i^Loj where 

_ 2(A,/?,-) _ (A, A) 

Let qi = q'^' . To avoid confusion with notation we will use later, we adopt the following non-standard 
notation for g-integers and g-binomial coefficients: 

1^ - 1i 

The algebra Uq — Z-/^(n+) is naturally Q+-graded by assigning to the degree Pi. Let |tt| be the 
Q^-degree of a homogeneous element u £ Uq{n^). 

There exist g-derivations e^, i = 0, . . . , r — 1 given by 

e'.iej) = 6,, and e[{uv) = e[{u)v + q''-^"\''\^ue[{v) 

for all homogeneous u, w G Uq . 

Now, let The the free associative algebra over Q(g) generated by the set of letters {[0], . . . , [r— 1]}. 
Write [zi, . . . , ik] '■= [ii] ■ [^2] ■ ■ • [ik], and let [] denote the empty word. The algebra T is graded 
by assigning the degree (3i to [i] (as before, let |/| denote the Q+-degree of a homogeneous f E J-). 
Notice that T also has a principal grading obtained by setting the degree of a letter [i] to be 1; let 
J-d be the c?th graded component in this grading. 

Now, define the (quantum) shuffie product, *, on T inductively by 

(x . H) * {y ■ [j]) = {x*{y [j]) ■ H + g-(l-l+ft^ft)((x • [i]) * y) ■ [j], x*[]^[]*x^x. (8.1.1) 
Iterating this formula yields 

y -e(to)[ 

where 

e{w) = (A„(,),/3*„(t)), 
s<e<t 

w{s)<w{t) 

see [271 §2.5] for details. The product * is associative and, Proposition 1], 

2/ = g-(l^l'l?^l)y*a; (8.1.2) 

where * is obtained by replacing q with q^^ in the definition of *. 

Now, to / = [ii, . . . , ik] & T , associate df = e'-^ ■ ■ ■ e'^^ G FindUq, and 9[] ~ Idu^ . Then, 



[ii, ■ ■ ■ ,ie] * [k+i, ■ ■ ■ ,ie+k] ^ ^ q [«to(i), ■■• /*to(fe+^)J 
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Proposition 8.1.1. [37l[38l[T6] There exists an injective Q{q)-linear homomorphism 

defined on homogeneous u Cz Uq by the formula '^(u) — ^df{u)f, where the sum is over all 
monomials f ^ T such that \ f\ ~ \u\. 

Therefore is isomorphic to the subalgebra W C (JF, *) generated by the letters [i], < i < r. 

Let A ~ Qi?, f?^^], and let Ua denote the y^-subalgebra of Uq generated by the divided powers 
e'll{k)i\ {0 < i < r, k e Z>o). Let (•, ■)k : Uq x Uq ^ Q{q) denote the unique symmetric bilinear 
form satisfying 

(l,l)/f = l and {e[{u),v)k ^ {u,eiv)K 
for all < i < r, and u,v £ Uq. Let 

U^^ {u eUq \ {u, v)k € A for all v <^Ua} (8.1.3) 

and let u* E U\ denote the dual to u e Ua relative to (•,•)_?<-. 
Now, given a monomial 

[iW^T^-'-^iT] = [ ji, ■ - J , ^1 , ^2, ■ -J , »2 , ■ ■ ■ , ik, ■ -J , ik ] 

with ij ^ ij+i for 1 < i < fc, let c^;;;;;f^" = (ai)ij • • • [auW-, so that ' ' ' ^ 

product of divided powers. Let 

and W*A = W C^TA■ It is known that W*a = -^{UX), [27l Lemma 8]. 
Define 

Tc = C®A^A, and WI = <C®a'V^*a 

where C is an ^-module via q ^ 1. Given an element E € WU (resp. Ta) let E_ denote its image 
in Wc (resp. Tc)- 

Observe that (Jxi*) is the classical shuffle algebra and the shuffle product coincides with the 
formula for the characters associated to parabolic induction of 7ig^((i)-modules (see Lemma FS.S.Sp . 
We close this section by describing the bar involution on J^: 

Definition 8.1.2. JTT, Proposition 6] Let — : T ^ T he the Q-linear automorphism of {^,*) 
defined by q = q^^ and 

8.2. Good Words and Lyndon Words. In what follows, it is convenient to differ from the 
conventions in [27 . In particular, it is natural from our point of view to order monomial in J-' 
lexicographically reading from right to left. Unlike the type A case, this convention leads to some 
significant differences in the good Lyndon words that appear. This section contains a careful 
explanation of all the changes that occur. 
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Fix the ordering on the set of letters in T (resp. 11): [0] < [1] < • • • < [r — 1] < [] (resp. 
/3o < /?! < ■ • • < Pr-i)- Give the set of monomials in T the associated lexicographic order read 
from right to left. That is, 

[zi, . . . , ife] < [ji, . . . , it] if ik < je, or for some m, u—m < je-m and iks < je-s for aU s < m. 

Note that since the empty word is larger than any letter, every word is smaller than all of its right 
factors: 

[ii, ...,ik] < [ij, ■ ■ -Jk], for aU 1 < j < fc. (8.2.1) 

(For those familiar with the theory, this definition is needed to ensure that the induced Lyndon 
ordering on positive roots is convex, cf. t ^8. 31 below.) 

For a homogeneous element f E let min(/) be the smallest monomial occurring in the 
expansion of /. A monomial [ii, . . . , ik] is called a good word if there exists a homogeneous w G W 
such that [ii, . . . ,ik] = min(?i;), and is called a Lyndon word if it is larger than any of its proper 
left factors: 

[zi, . . . , ij] < [n, . . . , ik], for any 1 < j < k. 

Let Q denote the set of good words, £ the set of Lyndon words, and t/£ = £ H Q C G the set of 
good Lyndon words. 

Lemma 8.2.1. [27, Lemma 13] Every factor of a good word is good. 

Because of our ordering conventions, \27\ Lemma 15, Proposition 16] become 
Lemma 8.2.2. [27[ Lemma 15] Let I E C, w a monomial such that w > I. Then, min(w *l) = wl. 
and 

Proposition 8.2.3. [27, Proposition 16] Let I e QC, and g E G with g > I. Then gl E G ■ 

Hence, we deduce from Lemma [8.2.11 and Proposition 18.2.31 [271 Proposition 17]: 

Proposition 8.2.4. |261 127j A monomial g is a good word if, and only if, there exist good Lyndon 
words h > ■ ■ ■ > Ik such that 

g = ■ ■ - Ik- 

As in [57], we have 

Proposition 8.2.5. [26l[23 The map I \l\ is a bijection GC A+. 

Given 7 E A+, let 7 — > ^(7) be the inverse of the above bijection (called the Lyndon covering of 
A+). 

We now define the bracketing of Lyndon words, that gives rise to the Lyndon basis of W. To 
this end, given I E C such that / is not a letter, define the standard factorization of / to be Z = I1I2 
where ^2 S 'C is a proper left factor of maximal length. Define the g-bracket 

[/i,/2], = /i/2-<?(I^^I^I^^IV2/i (8.2.2) 
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for homogeneous /i,/2 G ^ in the Q+-grading. Then, the bracketing If) of Z G £ is defined 
inductively by (^) = Z if Hs a letter, and 

(0 = [(?i>,(^2)], (8.2.3) 
if / = is the standard factorization of /. 

Example 8.2.6. (1) ([0]) = [0]; 
fg;([12]) = [[l],[2]], = [12]-g-i[21]; 

(3) ([012]) = [[0], [12] - q-\2\% = [012] - g-M021] - q-\\m\ + q-^{2\^\. 

As is suggested in this example, we have 

Proposition 8.2.7. 27, Proposition 19] For I ^ C, (l) = I + r where r is a linear combination of 
words w such that \w\ — \l\ and w < I. 

Any word w £ J- has a canonical factorization w — li ■ ■ ■ such that li, . . . ,1^ & C and > • • • > 
Ik- We define the bracketing of an arbitrary word w in terms of this factorization: (w) — (li) ■ ■ ■ (Ik) ■ 
Define a homomorphism S : (JF, •) — )■ (JF, *) by S([i]) = [i]. Then, S([ii, . . . , ik]) — [ii] * • • • * [i^] = 
^'(eii • • • Cif,). In particular, S(JF) = W. We have the following characterization of good words: 

Lemma 8.2.8. 27, Lemma 21] The word w is good if and only if it cannot be expressed modulo 
kerS as a linear combination of words v <w. 

For g £ Q, set — E{{g)). Then, we have 

Theorem 8.2.9. [771 Propostion 22, Theorem 23] Let g £ G and g — h ■ ■ ■ h be the canonical 
factorization of g as a nonincreasing product of good Lyndon words. Then 

(1) rg =r;i 

(2) rg = *(eg) + I]tu<g2;gu,*(e„,) where, for a word v = [ii, . . .,ik], Cy = Ci-, ■ ■ -Ci^, and 

(3) {fgld £ G} is a basis for W. 

The basis {rg | g G ^} is called the Lyndon basis of W. An immediate consequence of Proposition 
15X71 and Theorem is the following: 

Proposition 8.2.10. [27l Proposition 24] Assume 71,72 G A+, 71+71 = 7 G and ^(71) < 
^(72). Then, ^(71)^(72) > Kl)- 

This gives an inductive algorithm to determine ^(7) for 7 £ A+ (cf. [571 §4-3]): 
For f3i £ n C A+, l{Pi) = [i]. If 7 is not a simple root, then there exists a factorization ^(7) = /1/2 
with li, I2 Lyndon words. By Lemma r8.2.1i li and I2 are good, so li = '(71) and I2 ~ ^(72) for some 
71, 72 G A+ with 71+72 =7. Assume that we know ^(70) for all 70 G A+ satisfying ht(7o) < ht(7). 
Define 

C(7) = { (71,72) G A+ X A+ I 7 = 71 +72, and ^(71) < ^(72)}. 
Then, Proposition 18 . 2 . 1"D1 implies 

Proposition 8.2.11. [571 Proposition 25] We have 

l{j) = min{ ? (71)^(72) I (71,72) G C{j)} 
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In our situation, 

A+ = {A + A+i + ■■■ + Pj\0<i<] <r}yj {2/3o + • • • + 2/3, + + • • • + /3fe|0 < J < A: < r}. 
A straightforward inductive argument shows that 

• • = and /(2/3o+- • •+2/3,+/3,+i+- • •+/3fc) = [j, . . . , 0, 0, . . . , /c-1, fc]. 

Remarkably, 

Proposition 8.2.12. In the notation of Lemma \3.5.S\ we have 
and 

2/(2/3o + • • • + 2/3, + /3,+i + . . . + /3fc) = ch$[_,_i,fe]. 

Observe that we may write any good Lyndon word uniquely in the form I = + . . . ,j] where 
ijjG'Z and < |i| < j < r. For example, 

l{2f3o + • • • + 2/3, + /3,+i + . . . + /3fe) = [-J - 1, . . . , fc]. (8.2.4) 

In the following definition, we mean for n to vary. Given A G , let 

6rf(A) = { e P+[A] I A - /X e P>oid) and < A, for aU i } (8.2.5) 

and let 

Bd = {{X,fi)\X€ P+0+ and fi € Bd{\) }• (8.2.6) 
Let Qd = G ^ the set of good words of principal degree d. We have 

Lemma 8.2.13. The map (A, ^ [\ — fi] = [/xi, . . . , Ai — 1, . . . , jin, ■ ■ ■ , A„ — 1] induces a bijection 
Bd ^ Qd- 

Proof: By (|8.2.4|1 . [A - ^] is a well-defined element of Td- Since A e P>o+ and ^ e the 
ordering convention and (|8.2.ip imply that [A — /i] £ tj^- This map is clearly bijective. I 

8.3. PBW and Canonical Bases. The lexicographic ordering on QC induces a total ordering 
on A+ , which is convex, meaning that if 71 , 72 € with 71 < 72 , and 7 = 71 + 72 G , then 
71 <7<72 (cf. [391 [27]). 

Indeed, assume 71,72,7 = 71+72 G A+ and 71 < 72. Proposition 18.2.101 and (|8.2.ip imply 
that ^(7) < Z(7i)/(72) < ^(72)- If ^(7) = ^(71)^(72), then the definition of Lyndon words implies 
Z(7i) < ^(7). We are therefore left to prove that ^(71) < ^(7) even if ^(7) < Z(7i)/(72). This cannot 
happen if 7 = /3j + • • • + /3, . In the case 7 = 2/3o + • • • + 2/3, + /3,+i + • • • + /3fc, the possibilities for 

71 < 72 are 71 = /3i H h /3, and 72 = 2/3o H h 2/3j_i + /3i H h /3fc for < i < j. In any of 

these cases, [i, . . . , j] < [j, . . . , 0, 0, . . . ,/c]. That is, /(71) < ^(7) < ^(72)- 

Each convex ordering, 71 < ••• < 7Ar, on A+ arises from a unique decomposition wq = 
Si^Si^ • ■ • Si„ of the longest element of the Weyl group of type Br via 

7l l^ii t 72 ^iif^i2 7 ■ ' ■ 7 7A^ ' ' ' ^iN -iPiN • 
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Lusztig associates to this data a PBW basis of Ua denoted 

£;(ai)(^,)...£;K.)(^^), (ai,...,ajv)GZ^o- 

Leclerc [Ul §4.5] describes the image in W of this basis for the convex Lyndon ordering. We use 
the same braid group action as Leclerc and the results of [571 §4-5,4.6] carry over, making changes 
in the same manner indicated in the previous section. We describe the relevant facts below. 
For g = Z(7i)"i • • • l{lkT'' , where 71 > • • • > 7^ and ai, . . . , e Z>o set 

Eg = *(S('^-)(7fc) • • • £;('^^n7i)) e 

and let E*g € be the image of {E^''>'\-/k) ■ ■ ■ E^''^\-/i))* e U^- Observe that the order of the 
factors in the definition of Eg above are increasing with respect to the Lyndon ordering. Leclerc 
shows that if 7 G A+, then 

= rn.y), (8.3.1) 

For some kk^^) £ Theorem 28] (the proof of this theorem in our case is obtained by 

reversing all the inequalities and using the standard factorization as opposed to the costandard 
factorization) . 

More generally, let / /* be the linear map defined by [ii, . . . , ife]* = [zfe, . . . , ii] and (x * y)* — 
* xK Then, Eg is proportional to ^ (cf. [27, §4.6, §5.5.2 - 5.5.3]). 
As in §5.5.3], we see that there exists an explicit Cg G Z such that 

El^t^{E\J^---^{El) 
\i g — ■ - Im with ^1 > • • • > ^„i. Using (|8.1.2p we deduce that 

El=q^^{El)-^---^ElJ, 
where Cg = Cg- I]i<j<j<m(/5»' /^i)- particular, 

E*g = {El)^---^{E;j . (8.3.2) 

Using the bar involution (Definition I8.1.2|) . Leclerc constructs the canonical basis, {bg \ g £ 
for via the PBW basis {Eg ] 5 G ^?}. It has the form 

heg 

h<g 



The dual canonical basis then has the form 



h>g 

In particular, for good Lyndon words, [27l Corollary 41], 5;* = Ei for every I G GC As in [27l 
Lemma 8.2], we see that b'^- = [i, . . . , j] for < i < j < r. We now prove 

Lemma 8.3.1. For < j < k < r, one has 

bu,...,o,o,....k] = (2)ob,...,0,0,...,/c]. 
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Proof: We prove this by induction on j and k with j < k, using (|8.1.1|) . (|8.2.2[) . and (|8.2.3|) for 
the computations. 

Observe that for fc > 1, r[o^i....^fc] = {q^ — (7^^)'^[0, 1, . . . , /c], which can be proved easily by 
downward induction on j, < j < k, using (jS.l.ip and 

ru,...^k] ^ .. .,/c])) = + l,...,k]]q) = [j] * r[j+i,...,fc] - * [j]- 

By (|8.1.ip . we have 

[0] * [0, 1] - [0, 1] * [0] = [0, 1, 0] + q^m * [0])[1] - ([0] * [0])[1] - [0, 1, 0] 

= {q' - 1)([0,0] +g-2[o,0])[l] = (g2 _q-2)[0,0,l] 

Therefore, applying (|8.2.3p and the relevant definitions, we deduce that 

no.o.i] =2(([0,0,1])) 

= S([[0],([0,1])]^) 

= [0] * '"[0,1] - ''[0,1] * [0] 

= (9'-'Z-')([0]*[0,l]-[0,l]*[0]) 

^iq^-q-mO,0,l] 

Once again, using (jS.l.ip . we deduce that for all fc > 2, 

[0] * [0, . . . , A:] - [0, . . . , fc] * [0] = ([0] * [0, . . . , /c - 1] - [0, . . . , fc - 1] * [0])[fc]. (8.3.3) 

Assume fc > 2. Then, (/3o, /^o + • • • + =0, so iterated applications of (|8.3.3p yields 

''[0,0,. ..,fc] = [0] * ''[o,...,fc] - ''[o,...,fc] * [0] 

= (9'-g~')'([0]*[0,...,fc]-[0,...,fc]*[0]) 
= (g2-q-2)fe([0],[0,l]-[0,l]*[0])[2,...,fc] 
= (g2_q-2)'c+i[o,0,...,fc] 

Now, assume that fc > 2, and < j < k. To compute ry^ Q^^ ^^, we need the following. For 
\j - fc| > 1, 

[j] * [j - 1, . . . ,fc] - q-^[j - 1, . . . , fc] * [j] (8.3.4) 
= ([.?] *[j-l,...,k-l]-q-^[j-l,...,k~l]* [j])[k]. 

For J = fc — 1, 

[j] * [j - 1, . . . ,0,0, . . . ,j + 1] - - 1, ... ,0,0, ... ,j + 1] * [j] (8.3.5) 
= (^'[i] * [j - 1, . . . ,0, 0, . . . , j] - g-2[j- _ 1^ . . . ^0, 0, . . . , j] * b1)[i + !]■ 

Finally, 

* [j - 1, ... , 0,0, ...,j]-q-^[j~l,...,0,0,...,j]* [j] (8.3.6) 
= (b1 * [j - 1, . . . ,0,0, . . .,j - 2] - q-^[j - 1, ... ,0,0, ... ,j - 2] * J + 1]. 
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Indeed, (|8.3.4|) and (|8.3.5|) are straightforward applications of (jS.l.ip . Equation (|8.3.6[) involves a 
little more calculation: 

* [j - 1, . . . ,0,0, . . - q-^[j - 1, . . . ,0,0, . . * [j] 

=q^[j - 1, . . . ,0,0, . . . , j, j] + q-\[j] * [j - 1, . . . ,0,0, . . . , J - 1] 

- [j - 1, ... ,0,0, ... ,j - 1] * mj] - q-^[j - 1, . . . ,0,0, . . . ,i, j] 
= - q'^)[3 - 1, . . . ,0,0, . . . , J, j] + q-\[j - 1, ... ,0,0, ... ,j] 

+ q\[j] * [j - 1, . . . , 0,0, . . . , J - 2])b- - 1] - ([j - 1, . . . ,0, 0, . . . , j - 2] * - 

-q^[j-l,...,0,0,...,j])[j] 
= * [j - 1, ... ,0,0, ... ,j - 2] - q~^[j - 1, ... ,0,0, ... ,j - 2] * mj,j + 1], 

Note that fO:!)) holds for both [j - 1, j, . . . , fc] and [j - 1, . . . , 0, 0, . . . , fc]. 

Now, assume that we have shown that o,o,...,fc] = (9^ ^ q^'^V^'^lj ^ 1, . . . , 0, 0, . . . , /c]. 

Then, since (/3j, 2/3o + • • • + 2/3j_i + /3j + • • • + /3fc) = -2, 







1,...,0,0,...M] — 


f[j-l,...,0,0,...,fc] * [j] 








- q' 




-l,...,0,0,...,k]^q-^[j-l, 


...,0,0,., 


■ • , fc] * [i] 




- q' 




-l,...,0,0,...,j + l] 






- q 




-1,...,0,0, 


■■•,J + l]*[j])[j+2,...,fc] 




by (|8.3.4| 


Hq'- 


- q' 


-y+'iq'ij]^ 


[j-l,...,0,0,...,j] 






- q 




-1,...,0,0, 






by (|8.8.5|) 


Hq'- 


- q' 




-l,...,0,0,...,j-2] 






- q 




-1,...,0,0, 


^2]*[j])[j,...,k] 




by (I8.3.6D 


= iq'- 


- q' 




-l]-q-^[j-l]*mj-2,.. 


.,0,0,..., 


fc] by (|8.3.4|) 


= iq'- 


- q' 




,0,0,...,/c]. 







Finally, the result follows after computing the normalizing coefficient (|8.3.ip using [27l Equation 
(28)]. We leave the details to the reader. I 

8.4. In section we give a representation theoretic interpretation of the good Lyndon words asso- 
ciated to the root vectors 2/3o + ■ • ■ + 2/3j + + ■ ■ ■ + /3k {0 < j < k < r) which appear in [271 
Lemma 53]. The corresponding dual canonical basis vectors are given by the formula 

[0] •([!,..., j>[0,...,fc]). 

Lemma 8.4.1. Let < a < b, d = b + a + 2, A = (6 + l,a + 1) and a = (1,-1). Then, for 
1 <k <a, 

ch£(A,-fca) = 2[fc- 1] • ([fc - 2,fc-3, . ..,1,0,0, 1,.. .,6] * [fc,.. .,a]) 



where if k — 1, we interpret 

[k - 2, k - 3, ... ,1,0,0,1, ... ,b] = [0,1, ... ,b] 
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Proof. By [15, Proposition 11.4], for each k E Z>o, there exists a short exact sequence 

^ + ^ M{~ka) ^ L{-ka) ^ . 

For k < a + 1, applying the functor F\ yields the exact sequence 

^FxL{-{k + l)a) ^2M{\,-ka) ^FxL{-ka) (8.4.1) 

Therefore, 

ch FxL{-ka) 4[/c - 1, . . . , 1, 0, 0, 1, . . . , 6] * [fc, . . . , a] - chFAL(-(fc + 1)q;). 

Note that when k = a+1, F\L(—{k + l)a) = since — (a + 2)a) = 0. Therefore the sequence 

([gXTjl implies FxL{-ka) = 2£(A, -(a + l)a) ^ 2M{X, -{a + l)a) = 2<I>[_a-i,b], and 

ch$[„<,_i^f,] = 2 [a,Q- 1,...,1,0,0,1,...,5] . 

We now prove the lemma by downward induction on fc < a. We have 

chFxL{-aa) =4 [a - 1, . . . , 1, 0, 0, 1, . . . , b] [a] - 4[a, . . . , 1, 0, 0, 1, . . . , 5] 

=4 [a-l].([a-2,...,l,0,0,l,...,b]^[a]) . 

Hence, F\L{~aa) = 2£(A, —aa) and the lemma holds for k = a. Now, assume k < a, F\L{—{k + 
l)a) = 2C{\,-{k + l)a), and 

chC{X, -{k + l)a) = 2 [k] ■ ([fc - 1,. ..,1,0,0, 1,.. * [fc + 1,.. .,a]) . 

Then, 

c\i.FxL{-ka) ^4 [fc- 1,. ..,1,0,0, 1,.. *[k,...,a] ~ A [k] ■ ([fc - 1, . . . , 1, 0, 0, 1, . . . , b] * [fc + 1, . . . , a[) 

^4 [fc-l].([fc-2,... ,1,0,0, l,...,b]^[fc,...,a]) . 
Hence, F\L{—ka) ^ 0, so F\L{—ka) = 2C{X, —ka) and the lemma holds. □ 
Corollary 8.4.2. Let < a < b, d = b + a + 2, A = (6 + 1, a + 1) and fi = -a = (-1, 1). Then, 

chC{X, -a) = 2 [0]- [0, [l,...,a] . 
8.5. A Basis for the Grothendieck Group K (RepHc! (d)) . 
Theorem 8.5.1. The set 

{[MiX,fi)] I (A,M)e64 

forms a basis for iir(Rep Tigf (rf)). 

Proof. By Lemma [5.3.11 and (|8.3.2p . it follows that chA^(A, ^) = E^x-p.]- result now follows 
from Lemma 1 8 . 2 . 1 3 1 and the fact that the character map is injective. □ 

We will now describe a basis for i4r(Rep7igf (d)) in terms of the simple modules C{X,fi). 

Proposition 8.5.2. Let b > 0, X ^ {b + l. b + 1) and a ^{1,-1). Then, 

*[-b-i,b] - C{X,ba). 

Proof. There is a surjective homomorphism M (A, ba) ^[-b-i.t] ■ The result follows since $[_f,_i,f,] 
is simple. □ 
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Corollary 8.5.3. Assume that A G 'P^o ' M ^ A — // G P>o(<i), and < Xi for alii. Then, 

there exists {rj, v) G Bd such that 

and [A — /i] < [rj — v]. 

Proof. First, we may assume fii < Xi for all i, since the terms for which A; — I-H do not contribute 
to £(A,/i). Proceed by induction on N{X,fj,) ~ \{i — 1, . . . ,n \ = — Ai}|. If N{X,fi) = 0, then 
(A, fj.) E B'^ so there is nothing to do. If N{X, /i) > 0, let j be the smallest index such that /ij — —Xj. 
Set A(i' = (Ai, . . . , Aj_i, Aj, Aj, Aj+i, . . . , A„) and = (^i, . . . , A^ - 1, + 1, /ij+i, . . . , A„). 
Clearly A^^) e P++ and /i'l) e A^^) - P>o(d). We now show /^(i) e i'+iA]. Indeed, A^ > 0, so 
Aj — 1 > 1 — Aj = /ij + 1; and, /ij > /ij+i, so /i ^ + 1 > Mj+i- Since /i^ < A^ — 1, the jth twisted good 
Lyndon word in [A^^^ — /^'^•'] is greater than the jth twisted good Lyndon word in [A — fi]. Hence, 
[X-fi]< [A(i) 

Now, there exists a surjective homomorphism 

$[^,,Ai-i] ® • • • ® M((A,, A,), (Aj - 1, + 1)) ® • • • ® *[M„,A„-i] 

*[pi,Ai-l] ® • • • ® ^'[m,,A,-1] ® • • • ® $K,A,.-1] 

Hence, a surjective homomorphism A^(A'^^^ , /i'^-*) ^ 'C(A, /i). It follows that £(A(^', /i*^^') = £(A, /i). 
Since N{X'^^\ fj,'^'^')) < 7V(A,^) the result follows. □ 

Recall that given /i e A — P>o{d) there exists a unique w G Sd[X] such that £ -P^[A]- Let /i+ 
denote this element. Also, given A G P^^, and ^ £ A — P>o{d), let [A — ^]+ = [A — pt+] e Tt/ be 
the associated twisted good word. The following lemma is straightforward. 

Lemma 8.5.4. Assume that X e A — ^ e P>oid) and^ e (5+. T/ien, [A — ^] < [A— (/x — 7)+]. 

Theorem 8.5.5. T/ie following is a complete list of pairwise non- isomorphic simple modules for 

{£(A,m) I iX,^i)eB+}. 

Proof. Every composition factor of M{p) is of the form — 7) for some 7 G Q+. Applying 
the functor, we deduce that every composition factor of A4{X, fi) is of the form C(X, fi — 7) 
C{X,{fi — 7)^). Now, putting together CoroUarv 18.5.31 and Lemma [8.5.4[ we deduce that in the 
Grothendieck group 

[A-p]<[r,-i/] 

where the CA,^i,?),iy are integers and where ca,/j,a,p 7^ 0. Therefore, the transition matrix between the 
basis for i^(Rep7^gf (d)) given by standard modules and that given by simples is triangular. □ 
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9. Table of Notation 

For the convenience of the reader we provide a table of notation with a reference to where 
notation is first defined. 



Notation 



First Defined 



q(a) 

70 = 7o(ai, . . . ,ad) 
[oi, . . . ,ad] 

[a,b] 

^[a,bV %M 



a,b] 



l[a,b], <y2l[a,h] 

i?, R+, Q, Q+ 

P, P>0, P+, P++, P+t, ^p+oly 
Pid), P>o(d), P+(d), P++(d), P+M), Pp+iy(^) 

^„[A], R[X], P+[A], P-[A] 
$(A,m), <i>(A,A*) 
aT(A,m), M(A,^) 

y^,L 

O, 0(q(n)) 
M(A), M(A) 
(•,-)s 
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